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ABSTRACT
According to the currently prevailing cosmological paradigm, mergers
between galaxies are an important part of their evolution. Assuming also
that most galaxies contain a supermassive black hole at their center, binary
supermassive black holes (BSBH) should be common products of galactic
mergers.
The subject of this dissertation is the dynamical evolution of a BSBH
at the center of a galaxy. I calculate the rate of change of a binary’s orbital
elements due to interactions with the stars of the galaxy by means of 3-body
scattering experiments. My model includes a new degree of freedom - the
orientation of the BSBH’s orbital plane - which is allowed to change due to
interaction with the stars in a rotating nucleus. The binary’s eccentricity
also evolves in an orientation-dependent manner. I find that the dynamics
are qualitatively different compared to non-rotating nuclei: 1) The orbital
orientation of a BSBH changes towards alignment with the plane of rotation
of the nucleus. 2) The orbital eccentricity of a BSBH decreases for aligned
BSBHs and increases for counter-aligned ones.
I then apply my model to calculate the effects of stellar environment on
the gravitational wave background spectrum produced by BSBHs. Using
the results of N-body/Monte-Carlo simulations, I account for the different
rate of stellar interactions in spherical, axisymmetric and triaxial galaxies.
I also consider the possibility that supermassive black hole masses are sys-
tematically lower than usually assumed. The net result of the new physical
mechanisms included in my model is a spectrum for the stochastic gravi-
tational wave background that has a significantly lower amplitude than in
previous treatments, which could explain the discrepancy that currently ex-
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In this dissertation I present a numerical model of the dynamical evolu-
tion of a binary supermassive black hole (BSBH) in the stellar nucleus of a
galaxy (Chapter 2). One of the new features of the model is the inclusion
of galactic rotation which adds a new degree of freedom – the orientation of
the BSBH orbit – and makes eccentricity evolution more complex.
The model is then applied to the calculation of the stochastic gravita-
tional wave (GW) background generated by an evolving, cosmological pop-
ulation of BSBHs (Chapter 3). The GW background spectra are calculated
under different assumptions about the initial orbital elements of the BSBHs;
galactic morphology; and SBH-galaxy scaling relations.
Finally, in Chapter 4 I describe a “population synthesis” method that
is based on the model for BSBH dynamics described in Chapter 2 and the
distribution of galaxy and BSBH parameters used in Chapter 3. The work
described in Chapter 4 was carried out as part of my collaboration with the
NANOGrav1 group. The output of the population synthesis code is going
to be used in the analysis accompanying their 11-year data release (to come
out in 2017). Comparison of the numerically generated strain spectra with
observational pulsar timing array (PTA) constraints on the GW background
level will allow us to place constraints on the parameters that define the
distribution of BSBHs.
The current chapter presents the background information that is neces-
1North American Nanohertz Observatory for Gravitational Waves
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sary to place my work in the broader context of modern astrophysics and
cosmology. In Section 1.1, I outline the theoretical arguments and the ob-
servational evidence in favor of the existence of BSBHs. In Section 1.2, I
describe the dynamical evolution of BSBHs in the stellar nuclei of galaxies
and present an overview of previous results on that subject. Section 1.3
then discusses the GW emission from BSBHs, focusing on the stochastic
background and the prospects of its detection by means of pulsar timing
data. Section 1.4 gives the chapter synopsis.
1.1 Binary supermassive black holes
According to the current cosmological paradigm, galaxies are surrounded
by extensive dark matter halos, and galaxies can grow in size when they
come close enough to other galaxies for the dark matter to induce a merger
(Mo et al., 2010). Many galaxies are also known to contain a supermassive
black hole (SBH) at their center, and it is commonly assumed that SBHs are
universally present in early-type galaxies, and in the bulges of disk galaxies,
at least for galaxies above a certain mass (Merritt, 2013, Chapter 1). Taken
together, these two hypotheses imply the formation of binary SBHs. The
idea was pioneered by Begelman et al. (1980), who suggested that both of
the SBHs would lose energy due to interaction with the galactic environment
(stars and/or gas) until they become gravitationally bound to each other
and eventually start losing energy due to GW emission and coalesce. All
these mechanisms of BSBH orbital evolution are analyzed in more detail in
Sections 1.2 and 1.3.
If the merging galaxies are gas rich, it is possible that at least one of the
two SBHs will accrete significant amounts of gas and will become an active
galactic nucleus (AGN). In those cases, it is possible to distinguish a binary
from a single SBH by means of electromagnetic observations. The most
convincing detection method is direct imaging of a dual or displaced AGN
(if both or just one SBH is active, respectively). This technique requires a
high enough angular resolution, which is why only one of the dual/displaced
AGN detected so far has a separation of 7.3 pc (Rodriguez et al., 2006) with
all the others being at least two orders of magnitude wider (Barth et al.,
2008; Komossa et al., 2003; Koss et al., 2011, 2012). These large separations




The detection of SBH pairs with parsec-scale separations, which in most
cases cannot be resolved, requires the use of different techniques. One of
them is periodic variability in AGN luminosity on a timescale associated
with the orbital period of the binary. As was shown in hydrodynamical sim-
ulations (e.g. Noble et al., 2012), BSBHs carve a cavity in the accretion disc
and the gas flows from the inner edge of the accretion disc onto the binary
in a periodic fashion. More than a hundred of such BSBH candidates have
been found already (Charisi et al., 2016; Graham et al., 2015). The most
well-studied of them is the quasar OJ 287 (Valtonen et al., 2008) which has
the first photometric measurements dating back to 19th century. However, it
has been argued that unless most of the aforementioned candidates are false
positives, such a large number of BSBHs is inconsistent with the current
upper limits on the stochastic GW background (Sesana et al., 2017).
Another BSBH observational signature is periodic variation of the AGN
spectrum, namely the offset of broad emission lines with respect to the
narrow emission lines (Ju et al., 2013; Runnoe et al., 2017; Wang et al.,
2017). The former are generated by the gas bound to the SBHs whereas
the latter are generated by the gas in the galaxy far from the BSBH, so the
periodic Doppler shift of broad lines is due to the orbital motion of SBHs
around each other. However, for very compact BSBHs the broad lines might
in fact be generated within the circumbinary disk, making this interpretation
problematic.
There is also the following indirect evidence of past or ongoing BSBH
formation in massive elliptical galaxies: the presence of low-density cores, or
“mass deficits” (Merritt, 2013, §2.1). Mass deficits arise due the “gravita-
tional slingshot” mechanism (see Section 1.2 for more detail) when a BSBH
effectively ejects the stars from the galactic center with high velocities.
Finally, a possible observable consequence of BSBH mergers is emission
of gravitational waves (GWs). Compared with the GWs detected by LIGO
from stellar-mass BHs, the GWs produced during the late evolution of BS-
BHs would have much lower frequencies and thus require different sorts of
equipment to detect. So far two different techniques have been proposed:
(1) space-based laser interferometers (LISA, ALIA, DECIGO) and (2) pul-
sar timing arrays (PTAs). The latter are used to carry out decades-long
timing observations of pulsars at radio frequencies in order to detect the
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subtle effects of the passage of gravitational waves through the intervening
space. Space-based interferometers are still in the development stage; PTAs
(e.g. NANOGrav, EPTA, PPTA) are currently active, but have so far only
established upper limits on the intensity of the GW background radiation.
See Section 1.3 for a detailed discussion.
1.2 Dynamical evolution
Begelman et al. (1980), who first suggested the concept of BSBHs, broke
down the likely evolution of a massive binary into three stages:
1. In the early phases of the galaxy merger, the two SBHs are far enough
apart that they move independently in the potential of the merger
remnant. Both SBHs sink toward the center of the potential due to
dynamical friction against the stars.
2. When they are close enough together – roughly speaking, within their
mutual spheres of gravitational influence – the two SBHs form a bound
pair. Their two-body orbit continues to shrink due to exchange of
energy and angular momentum with nearby matter: through gravita-
tional slingshot interactions with stars, or gravitational torques from
gas.
3. If the binary separation manages to shrink to a small fraction of a
parsec, emission of gravitational waves brings the two SBHs even closer
together, resulting ultimately in coalescence.
I now briefly describe these three phases of evolution in more detail.
1.2.1 Dynamical friction
When a massive object moves through a field of stars, a region of over-
density is formed behind it, which exerts an extra gravitational force and
slows it down (Chandrasekhar, 1943). This extra force is called “dynamical
friction”. A standard expression, due to S. Chandrasekhar, for the dynami-













where m? is the stellar mass, m is the mass of the massive object, v its veloc-
ity, ln Λ the Coulomb logarithm, and f(v?) the stellar velocity distribution
function. We see that deceleration due to that force is proportional to the
mass of the object, which is why it is an effective energy loss mechanism for
a SBH. Applied to the case of a BH spiraling toward the center of a spherical
galaxy on a circular orbit,2 this formula gives an inspiral timescale of the













where Re and σ are the galaxy’s effective radius and velocity dispersion,
and m is the BH’s mass. However, the preceding equation assumes the
BH to be “naked”, while in reality a SBH brought in during the course of
a galaxy merger would retain a fraction of its host galaxy’s stellar bulge,
increasing its effective mass. Considering that the mass of a central bulge
is about 103MBH (McConnell & Ma, 2013; Merritt & Ferrarese, 2001), it
follows that the actual inspiral time could be up to three orders of magnitude
shorter. Given a realistic estimate of a galaxy mass fraction that would be
tidally stripped, the resultant timescale is shorter than 1 Gyr (Dosopoulou
& Antonini, 2017) as long as the mass ratio of the two SBHs is not too
extreme (& 10−2).
1.2.2 Stellar ejections
As the two SBHs spiral toward the center of the galaxy, eventually they
come close enough together that they form a bound pair. This occurs,
roughly, when the mass in stars interior to the binary’s orbit is less than
the binary’s mass. Once this happens, a new dynamical mechanism comes
into play: slingshot ejection of stars. Whenever a star approaches within a
few orbital separations of the binary, it experiences a strong, and strongly
time-dependent, gravitational interaction with the SBHs. That interaction
sometimes ends with the star getting captured on a stable orbit around one
of the SBHs, but in the vast majority of cases the star gets ejected away
from the binary, carrying a small part of the binary’s energy and angular
momentum with it. As a consequence, the binary continues to shrink.
Slingshot ejections continue until the supply of stars is depleted. That
2If the BH’s orbit is initially circular, it will remain so.
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may never happen; but at least in a spherical galaxy, the number of stars on
orbits that intersect the binary is expected to drop suddenly when the binary






where σ is stellar velocity dispersion in the galaxy center (Merritt, 2013, Eq.
8.23). When a < ah, stars are ejected with high enough velocities to escape
completely from the nucleus. The result would be a rapid depletion of the
supply of interacting stars, and binary evolution would cease: the evolution
would “stall.”
In addition to changing the semimajor axis (i.e. binding energy) of the
binary, slingshot interactions cause changes in the other binary orbital ele-
ments as well. To calculate the rate of change of a BSBH orbital elements, a
technique called “scattering experiments” is usually employed: a three-body
interaction between the two SBHs and a star approaching them is simulated
until the star becomes unbound from the BSBH (is ejected with velocity
large enough to escape from the BSBH to infinity), and that simulation is
repeated a large number of times (∼ 105) with the parameters of the stellar
orbit (initial velocity, impact parameter etc.) chosen randomly every time.
At the end of every simulation the changes in the BSBH orbital parameters
are recorded, and after enough simulations are made to cover all stellar or-
bit parameter space, that change is averaged over all simulations and then
converted into an average rate of change.
In the simplest case of a circular BSBH placed in an isotropic and uni-
form stellar background, there is only one orbital parameter of importance:
the orbital separation or semimajor axis a. It has been shown in different
scattering experiment studies (Mikkola & Valtonen, 1992; Quinlan, 1996;










, H ≈ 15, (1.4)
where ρ and σ are stellar density and velocity dispersion. The characteristic










It becomes longer as the binary shrinks because its effective “capture radius”
for close stellar interactions (which is proportional to a) is decreasing, i.e.
less stars approach the binary close enough to contribute to its hardening.
If the BSBH eccentricity is nonzero, it is affected by stellar ejections as
well. In the studies cited above, eccentricity was shown to increase signifi-
cantly for hard binaries in isotropic stellar backgrounds, although different
papers give somewhat different estimates of its rate of change.3 As for the
orientation of a BSBH orbit, it experiences a small random walk akin to
Brownian motion due to the random and discrete nature of stellar interac-
tions (Merritt, 2002).
However, some recent studies have shown that the situation becomes
qualitatively different if we consider a massive binary in a rotating stellar
nucleus (a nucleus with nonzero total angular momentum). The eccentricity
evolution then depends on the mutual orientation of the BSBH orbit and the
axis of nuclear rotation: the eccentricity tends to decrease if the BSBH is
corotating (i.e. has angular momentum in the same direction as that of the
stellar nucleus) and tends to increase if the BSBH is counterrotating (Sesana
et al., 2011). The orientation of the binary’s orbital plane also evolves: the
binary tends to become corotating, i.e. its angular momentum vector aligns
in direction with the stellar angular momentum vector(Gualandris et al.,
2012; Wang et al., 2014). Cui & Yu (2014) have shown that a similar effect
takes place if the stellar nucleus is flattened (axisymmetric).
1.2.3 The effects of gas
During galaxy mergers, gas, if present, can be driven by torques and
dynamical instabilities to the center of the merger remnant (Mihos & Hern-
quist, 1996), interacting with the SBHs. In the early stages of BSBH evo-
lution, large amounts of gas can significantly increase the dynamical fric-
tion (Escala et al., 2005). After the hard binary formation, a rotationally
supported gas disk might form around the binary. The binary excites non-
axisymmetric perturbations in the disk which exert a torque on the binary
reducing its energy and angular momentum (Haiman et al., 2009). Unlike
stellar hardening, the characteristic timescale for this effect decreases as the
binary shrinks: thard ∼ aγ , γ > 0, where the exact value of γ depends on the
3de/dt is more computationally difficult to calculate than da/dt because the eccentricity
changes due to different stellar interactions mostly cancel each other out.
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binary and disk parameters. This makes the presence of an accretion disk a
promising mechanism for overcoming the “final parsec problem” (§1.2.5).
The accretion disk also influences BSBH eccentricity depending on their
mutual orientation, similarly to a rotating stellar nucleus (§1.2.2): corotating
gas disks decrease the BSBH eccentricity and counterrotating ones increase
it (Dotti et al., 2006; Schnittman & Krolik, 2015). If the gas disk is initially
misaligned with respect to the BSBH orbital plane (such a configuration can
occur from the infall and subsequent circularization of gas into the inner
few parsecs of the merger remnant), it tends to align with it, becoming
either co- or counterrotating. If the binary is eccentric, polar alignment can
also occur, when the disk angular momentum is aligned with the binary
periapsis or apoapsis direction (Aly et al., 2015). Such polar disks are prone
to disruption with subsequent gas infall onto the binary, which is then ejected
via gravitational slingshot, hardening the binary.
1.2.4 Gravitational wave emission
In addition to changes due to interaction with its nuclear environment,
BSBH orbital parameters can also change due to the effects of general rel-
ativity (GR). In particular, the emission of gravitational waves results in
































It is easy to see from these equations that effects of GW emission have a very
steep dependence on a. As a result, they are insignificant at the early stages
of a BSBH dynamical evolution, but at a certain orbital separation aGR they
start to dominate over the environmental effects and become even stronger as
the binary continues to shrink. Because of that the total coalescence time
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is approximately the time it takes the binary to reach aGR. The orbital
shrinking is enhanced for eccentric binaries (the f(e) factor), so the GR-
dominated regime starts earlier for them. Then the eccentricity decreases
quickly, so the SBHs enter the final stages of coalescence on almost circular
orbits.
1.2.5 The “final parsec problem”
A shortcoming of the scattering experiments method is that it assumes
an unchanging distribution of stars in the nucleus, while in reality, evolu-
tion of a massive binary is likely to be accompanied by changes in the stellar
density: the stars that get ejected from the galactic center are unlikely to
interact with the binary again. The orbits of the ejected stars can be re-
populated because of the process called “relaxation”: random fluctuations
in stellar orbital parameters due to either occasional close gravitational in-
teractions with other stars or massive perturbers (“collisional relaxation”)
or non-sphericity of the galactic potential (“collisionless relaxation”). This
way, the hardening rate depends on the repopulation rate of the orbits ap-
proaching the pericenter closer than ∼ a (“loss cone”) as much as on ρ and σ.
And if this repopulation is not fast enough, the BSBH might stall at a > aGR
for more than a Hubble time, never reaching coalescence. This phenomenon
is known as the “final parsec problem” (Milosavljević & Merritt, 2003).
How strong this effect is likely to be in real galaxies has been a subject
of debate. One way to find out is to perform a numerical simulation that
includes all the stars of the galaxy (an N -body simulation). In practice,
the number of stars in a real galaxy (& 109) would be too high for such a
simulation to be computationally feasible, so what people do instead is a
simulation in which every particle represents a large number of stars (e.g.
103). Because the timescale for collisional relaxation scales as ∼ N (given
fixed, total mass in stars), these simulations have difficulty moving out of
the collisional regime, and it is difficult to scale the results so obtained to the
regime of larger N . While all studies agree that the final parsec problem does
indeed exist in spherically symmetric galaxies where collisional relaxation is
absent (stellar energy and angular momentum are conserved in spherical
potentials), different N -body models give contradicting results on whether
it is solved in axisymmetric or triaxial galaxies with finite N (Khan et al.,
2013; Vasiliev et al., 2014).
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A numerical technique that attempts to remove this drawback of N -body
simulations was developed by Vasiliev et al. (2014, 2015): a Monte-Carlo
method where all the stars are assumed to be moving in a smooth potential,
and random fluctuations imitating collisional relaxation are periodically ap-
plied to the orbital parameters. These authors conclude that axisymmetry
is not enough to make the SBHs coalesce in less than a Hubbe time, but even
a modest degree of triaxiality (e.g. 1:0.9:0.8) implies coalescence timescales
. 1 Gyr. Vasiliev et al. have also derived analytical approximations for the
hardening rate in galaxies of different geometry which I use in my model of
BSBH dynamics as a correction to the results of scattering experiments.
1.3 Gravitational wave emission from BSBHs and
its detection prospects
As discussed above, the emission of gravitational waves (GWs) will dom-
inate the evolution of a BSBH if its orbital separation is small enough. As
of this writing, no detection has been made of GWs from supermassive bi-
naries, even though GWs from stellar-mass binary black holes have been
detected by the LIGO collaboration (Abbott et al., 2016). Part of the rea-
son is that GWs from BSBHs typically have much lower frequency. The fre-
quency of the emitted GW is determined by the binary’s orbital frequency
forb: the radiation is monochromatic (f = 2forb) for circular binaries, and
eccentric binaries radiate at a discrete spectrum of frequencies: fn = nforb,















where M12 is the total BSBH mass and a is its semimajor axis. Because of
the low frequencies, detection of GWs from BSBHs requires techniques dif-
ferent from LIGO’s ground-baser laser interferometry. One such techniques
is pulsar timing. Millisecond pulsars, with their highly periodic radio emis-
sion, provide an opportunity to detect space-time perturbations caused by
a GW passing between the pulsar and the Earth. A set of pulsars is chosen
and the moments of arrival of its pulses are recorded by an array of radio
telescopes. Such observational programs are called Pulsar Timing Arrays
(PTAs). The differences between the expected and actual arrival times of
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the pulses – the timing residuals – carry information about the GWs, and
this information is extracted by cross-correlating residuals between different
pulsars (Hellings & Downs, 1983). There are, however, many other possi-
ble sources of non-periodicity in the pulse arrival times, such as pulsar spin
instability, fluctuations in pulsar magnetospheres, dispersion and scattering
in the interstellar plasma etc., which makes the extraction of a GW sig-
nal a very challenging problem (Cordes, 2013; Cordes et al., 2016; Lentati
et al., 2016). The frequency range that PTAs can probe is limited by the
observation time to f & 1/T , with T the total time of observation. The
frequency of greatest sensitivity is of order of that minimal frequency. Cur-
rent PTA groups include the European PTA (EPTA), the North American
Nanohertz Observatory for Gravitational Waves (NANOGrav), the Parkes
PTA, and the International PTA (IPTA), the latter being the union of the
former three. All of these groups have been collecting data for T ≈ 10 yr.
The PTA method can be used to detect both GWs from a single BSBH
(“continuous GWs”) and the local superposition of GWs from all the BSBHs
in the universe (“GW background”). The detection of the former opens an
interesting possibility for multimessenger observations of BSBHs, combining
GWs and conventional electromagnetic observations (Burke-Spolaor, 2013).
However, it is considered much less likely to happen in the next few years
compared to the GW background detection (Rosado et al., 2015), which is
why the latter is the main focus of most PTA studies.
The measure of GW background intensity is its characteristic strain4 hc,







The exact value of hc(f) is defined by the time binaries spend radiating
at the frequency f – in other words, by their dynamical evolution. In the
simplest case of circular-orbit binaries that are evolving solely due to GW







4“Characteristic” because the GW background signal, being produced by numerous
evolving sources with unknown initial conditions, is inherently stochastic.
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where fyr ≡ 1/yr. This expression was derived in the assumption of a
large number of binaries, radiating at a randomly distributed points in their
lifetime (which is what we would expect from the BSBHs in the universe);
a small number of binaries would produce a more discrete spectrum, as was
mentioned earlier. If we take environmental effects (interaction with stars
or gas) into account, the value of hc will be decreased at low frequencies,
since those effects accelerate the evolution of the binary’s orbit at high a
(i.e. low forb). Sampson et al. (2015) suggested a simple parametrization of







A = Ayr [1 + (fbend/fyr)
κ]1/2 (1.10b)
where fbend is understood as the orbital frequency below which environmen-
tal interactions dominate the binary’s evolution and κ is determined by the
type of interaction; in the case of stellar scattering in a full loss-cone regime,
κ = 10/3. Simple evolutionary models suggest fbend ≈ 10−9 Hz (Sesana,
2013b), a frequency regime that is beginning to be probed by PTAs. Nonzero
eccentricity also changes the shape of the spectrum, decreasing hc at f . forb
(Ravi et al., 2014).
It is difficult to make definite theoretical estimates of Ayr since it depends
on many uncertain factors: the galaxy merger rate, the SBH-galaxy scaling
relations, the strength of environmental effects, the eccentricity distribution
of BSBHs at their time of formation etc. (Chen et al., 2016; McWilliams
et al., 2014; Ravi et al., 2014; Sesana et al., 2016; Sesana, 2013a; Simon &
Burke-Spolaor, 2016). The predictions of the cited studies range from 10−16
to 10−14 at f = fyr. The current observational upper limits on Ayr are
3.0 × 10−15 (EPTA, Lentati et al., 2015); 1.0 × 10−15 (PPTA, Shannon et
al., 2015); and 1.5 × 10−15 (NANOGrav, Arzoumanian et al., 2016), which
is already low enough to rule out some of the models.
There is another possible class of instruments for low-frequency GW de-
tection which hopefully will become available in the future: space-based laser
interferometers (SLI). The currently most advanced of these projects is LISA
(Laser Interferometer Space Antenna), which is expected to be launched
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around 2030.5 The proposed configuration is a constellation of three space-
craft, arranged in an equilateral triangle with sides 2.5 million km long, on a
heliocentric orbit trailing the Earth. The distance between the satellites will
be precisely monitored by means of laser interferometry to detect a passing
gravitational wave. Such a telescope would be sensitive to frequencies above
10−4 Hz, which would allow it to detect BSBH mergers as well as extreme
mass-ratio inspirals and the early evolution of stellar-mass BHs.
In principle, it is possible to detect the same individual BSBH using
both PTA and SLI: a BSBH can be tracked by PTA first and them by
SLI during merger and ring-down (Pitkin et al., 2008). Alternatively, SLI
can detect a BSBH first and place constraints on its parameters, and these
constraints can provide information on where to search for its signal at the
earlier evolution stages in the PTA data. However, the possibility of such
complimentary detections is estimated to be rather low (Spallicci, 2013).
1.4 Chapter synopsis
In this dissertation I present the results of two numerical studies on
the dynamics of BSBHs in rotating galactic nuclei and its impact on the
nanohertz GW background. This work aims to construct more realistic
models of both BSBH dynamics and GW background as most of the galaxies
possess some degree of rotation.
In Chapter 2, I present the results of the scattering experiments per-
formed in the assumption of anisotropic distribution of stellar angular mo-
menta (i.e. nonzero rotation). I calculate first- and second-order diffusion
coefficients for all the BSBH orbital components and find their dependence
on the degree of stellar rotation. I then derive the differential equations
that describe the time evolution of BSBH orbital parameters for given ini-
tial conditions and galaxy parameters.
These equation are then used in Chapters 3 and 4 to calculate the strain
spectrum of GW background in different assumptions about BSBH and
galaxy parameter distribution. Apart from BSBH dynamics, the impact of
other factors is discussed, such as SBH-galaxy scaling relations and galaxy
merger rate. As those are not very well observationally constrained, its




tensity and which values of those parameters are allowed by the current PTA
constraints.
Chapter 5 summarizes the results of my work and their implications for
the observational signatures of BSBHs, both electromagnetic and GW.
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CHAPTER 2
DYNAMICAL EVOLUTION OF A BSBH IN A
ROTATING STELLAR NUCLEUS
2.1 Introduction
According to the current paradigm, galaxies are surrounded by extensive
dark matter halos, and galaxies can grow in size when they come close
enough to other galaxies for the dark matter to induce a merger (Mo et
al., 2010). Many galaxies are also known to contain a supermassive black
hole (SBH) at their center, and it is commonly assumed that SBHs are
universally present in early-type galaxies, and in the bulges of disk galaxies,
at least for galaxies above a certain mass (Merritt, 2013). Taken together,
these two hypotheses imply the formation of binary SBHs. The idea was
first explored by Begelman et al. (1980), who broke down the likely evolution
of a massive binary into three stages:
1. In the early phases of the galaxy merger, the two SBHs are far enough
apart that they move independently in the potential of the merger
remnant. Both SBHs sink toward the center of the potential due to
dynamical friction against the stars.
2. When they are close enough together – roughly speaking, within their
mutual spheres of gravitational influence – the two SBHs form a bound
pair. Their two-body orbit continues to shrink due to exchange of
energy and angular momentum with nearby matter: through gravita-
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tional slingshot interactions with stars, or gravitational torques from
gas.
3. If the binary separation manages to shrink to a small fraction of a
parsec, emission of gravitational waves brings the two SBHs even closer
together, resulting ultimately in coalescence.
The present chapter focusses on the second of these three phases. Fur-
thermore, only interactions of the massive binary with stars are considered;
gaseous torques are ignored. In certain respects, this is well-trodden ground.
Using numerical scattering experiments, Mikkola & Valtonen (1992), Quin-
lan (1996) and Sesana et al. (2006) derived expressions for the rates of
change of binary semimajor axis and eccentricity, for binaries in spherical
nonrotating nuclei. Merritt (2002) noted that the same interactions would
induce changes also in the other elements of the binary’s orbit – for instance,
its inclination – and he obtained expressions for the rate of change of a bi-
nary’s orientation from scattering experiments. If the nucleus is spherical
and nonrotating, these changes take the form of a random walk, similar in
many ways to the “rotational Brownian motion” of a polar molecule that
collides with other molecules in a dielectric material (Debye, 1929). In both
cases, evolution can be described via a Fokker-Planck equation in which the
independent variable is a quantity (angle) that defines the orientation: the
orbital plane in the case of a massive binary, the dipole moment in the case
of a molecule.
N -body simulations of galaxy mergers suggest that the stellar nuclei of
merged galaxies should be flattened and rotating (e.g. Gualandris & Merritt,
2012; Milosavljević & Merritt, 2001). Since there is a preferred axis in such
nuclei, it would not be surprising if the orbital plane of a massive binary
evolved in a qualitatively different manner, due to slingshot interactions, as
compared with binaries in spherical and nonrotating nuclei. Recent N -body
work has addressed this possibility (Cui & Yu, 2014; Gualandris et al., 2012;
Wang et al., 2014). One finds in fact that the orbital angular momentum
vector of the binary tends to align with the rotation axis of the nucleus.
There are corresponding changes in the evolution of the binary’s eccentricity
(Sesana et al., 2011). Stellar encounters tend to circularize the binary if its
angular momentum is in the same direction as that of the nucleus, and vice
versa, while in nonrotating nuclei the eccentricity is always slowly increasing.
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In the present chapter, we return to a Fokker-Planck description of the
evolution of a massive binary at the center of a galaxy. As in Merritt (2002),
we use scattering experiments to extract the diffusion coefficients that ap-
pear in the Fokker-Planck equation. However we generalize the treatment in
that paper in a number of ways. (i) In Merritt (2002) (as in Debye (1929)),
a single diffusion coefficient described changes in the orbital inclination, and
this coefficient was assumed to be independent both of the binary’s instan-
taneous orientation and of the direction of its change. In the present work,
those assumptions are relaxed, allowing us to describe orientation changes
in the general case of a binary evolving in an anisotropic (rotating) stel-
lar background. (ii) Both first and second-order diffusion coefficients are
calculated; the former are most important in the case of rapidly rotating
nuclei, the latter in the case of slowly rotating nuclei. (iii) Terms describing
the rate of change of binary separation and eccentricity due to gravitational
wave emission are included; in this respect, our work carries the evolution
of the binary into the third of the three phases defined by Begelman et al.
(1980).
A shortcoming of this approach is that the scattering experiments as-
sume an unchanging distribution of stars in the nucleus, while in reality,
evolution of a massive binary is likely to be accompanied by changes in the
stellar density. Exactly how these two sorts of evolution are coupled has
been debated in the past. At one extreme, it is possible for the binary to
“empty the loss cone” corresponding to orbits that pass near the binary. If
this happened, the density of stars in the vicinity of the binary would drop
drastically, and the binary would cease to harden; or it would harden at a
rate determined by collisional orbit repopulation, which is very slow in all
but the smallest galaxies. The possibility that binaries “stall” at parsec-
scale separations was considered likely by Begelman et al. (1980), and the
term “final-parsec problem” was coined by Milosavljević & Merritt (2003) to
describe the difficulty of evolving a binary past this point. However, recent
work (Gualandris et al., 2017; Khan et al., 2013; Vasiliev et al., 2014, 2015)
has made a strong case that massive binaries typically do not stall in this
way. Rather, one finds that even slight departures of a nucleus from spherical
symmetry allow stars to be continually fed to a central binary, at rates that
decrease slowly with time, but which can be much greater than rates due to
collisional orbital repopulation. This is an especially important effect con-
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sidering that the product of a galactic merger is expected to be generically
triaxial (Gualandris & Merritt, 2012; Khan et al., 2016). We incorporate
the results of this work, and in particular the study of Vasiliev et al. (2015),
into our evolution equations, and thus account in an approximate way for
the back-reaction of the binary’s evolution on its stellar surroundings.
This chapter is organized as follows. In §2.2 we generalize the Fokker-
Planck formalism used by Debye (1929) and Merritt (2002) to include changes
in all the elements of a binary’s orbit, in a stellar nucleus that has an axis
of rotational symmetry. §2.3 describes the scattering experiments and the
method for extracting diffusion coefficients. In §2.4 we present a qualitative
analysis of the results of the scattering experiments and try to explain some
of their phenomenology. In §2.6 we estimate the influence of post-Newtonian
effects. §2.5 presents the results of numerical calculation of diffusion coeffi-
cients for all the orbital components of the binary. Finally, in §2.8 we use
these results to solve the FPE for the distribution function of binary’s orbital
inclination. §2.9 sums up and discusses some observational implications of
our results.
An important application of the results obtained here is to calculations
of the stochastic gravitational wave spectrum produced by a cosmological
population of massive binaries in merging galaxies. This is the subject of
Chapter 3.
2.2 Equations of binary evolution
Consider a massive binary at the center of a galaxy. The components of
the binary have masses M1 and M2, which are assumed to be unchanging,
and M1 ≥ M2. If the binary is treated as an isolated system, its energy





, Lbin = µ
√
GM12a (1− e2) (2.1)
where M12 = M1+M2 is the binary’s total mass and µ = M1M2/ (M1 +M2)
its reduced mass. For the remainder of this section, we will use E ≡ Ebin/µ
and L ≡ Lbin/µ to denote the specific energy and specific angular momen-
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GM12a(1− e2) . (2.2)
Five variables are needed to completely specify the shape and orientation
of the binary’s orbit. Four of these can be taken to be (E,L); the fifth
variable determines the orientation of the major axis of the binary’s orbit
(in the plane determined by the direction of L) and is usually taken to be ω,
the argument of periapsis. Both E and L are independent of ω. In principle,
one could evaluate changes in ω due to interaction of the binary with stars
using the numerical scattering experiments described below. We choose
to ignore changes in ω in our Fokker-Planck description of the binary’s
evolution. That is a valid approximation in two limiting cases: when ω
does not change at all; or when ω changes so rapidly that we can average
all the other diffusion coefficients over ω. In §2.5.5 we show the latter to
be a good approximation for a wide range of possible system parameters.
Accordingly, in much of what follows, our expressions for quantities like the
diffusion coefficients in E and L will be averaged over ω.
2.2.1 Fokker-Planck equation
The binary is assumed to interact with stars, causing changes in its
orbital elements.1 In the simplest representation, the binary’s orbit would
evolve smoothly and deterministically with respect to time. We consider a
slightly more complex model, in which a random, or diffusive, component
to the binary’s evolution is allowed as well.
Accordingly, define f(E,L, t) dE dL to be the probability that the bi-
nary’s energy E and angular momentum L lie in the intervals E to E + dE
and L to L + dL, respectively, at time t. Let ∆t denote an interval of
time that is short compared with the time over which the orbit of the bi-
nary changes due to encounters with stars, but still long enough that many
encounters occur. Define the transition probability Ψ(E,L; ∆E,∆L) that
the energy and angular momentum of the binary change by ∆E and ∆L,
1 Changes in the location of the binary’s center of mass are ignored; these were discussed
by Merritt (2001).
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respectively, in time ∆t. Then
f (E,L, t+ ∆t) =
∫
f (E −∆E,L−∆L, t)
× Ψ (E −∆E,L−∆L; ∆E,∆L) dEd∆L. (2.3)
This equation assumes in addition that the evolution of f depends only on
its instantaneous value, that is, that its previous history can be ignored
(“Markov process”).
We now expand f(E,L, t + ∆t) on the left-hand side of Equation (2.3)
as a Taylor series in ∆t, and f (E −∆E,L−∆L, t) and
Ψ (E −∆E,L−∆L; ∆E,∆L) on the right-hand side as Taylor series in













































































Ψ(E,L; ∆E,∆L) ∆x∆y d∆E d∆L, (2.5)
where {x, y} can be any of {Lx, Ly, Lz, E}.
We will often be interested in the case of a binary that evolves in a ro-
tating stellar nucleus. Suppose that the nucleus is unchanging and spherical
and that the center of mass of the binary coincides with that of the nuclear
star cluster. Assume furthermore that the total angular momentum with
respect to the nuclear center, of stars in any interval of orbital energy, is di-
rected along a fixed direction which we define to be the z axis. The binary’s
20
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angular momentum vector may be inclined with respect to this axis, by an
angle θ(t). In this case it is useful to express the Fokker-Planck equation in
terms of angular momentum variables for the binary that are defined with
respect to the z-axis, for instance
x1 = L, x2 = µ = cos θ = Lz/L, x3 = φ, x4 = E. (2.6)
With the right choice of “reference axis” and “reference plane,” θ is equiv-
alent to the orbital inclination of the binary, usually denoted by i, and φ is














Figure 2.1: Orbital parameters of the massive binary. (a) Angular momen-
tum Lbin, inclination θ, longitude of ascending node Ω, argument of periapsis
ω. The z axis coincides with the axis of rotation of the nuclear cluster. (b)
(θ, φ) is the direction of the binary’s angular momentum vector in spherical
coordinates; (Θ, ξ) or (Θ⊥,Θ‖) denote its change after a single interaction.
Risken (1989, Section 4.9) shows how to transform Equation (2.4) under
















where J = Det{∂Li/∂xj} is the Jacobian relating old (E,Li) to new (xi)
variables, and the new diffusion coefficients are related to the old diffusion
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In our case, the old variables are
L1 = Lx, L2 = Ly, L3 = Lz, L4 = E.





















































where g = fL2. Furthermore
f(E,L)dE dL = f(E,L) dE dLx dLy dLz
= f(E,L, µ, φ) L2dE dLdµ dφ
= g(E,L, µ, φ) dE dLdµ dφ. (2.10)
The new diffusion coefficients can be expressed in terms of the old ones
via Equations (2.8); we give the explicit expressions in Appendix A.1. Ex-
pressed in terms of any other choices for the independent variables, the
Fokker-Planck equation would have the same form as Equation (2.9) but









1− e2 for xi = (e, µ, φ,E).
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When the distribution of velocities and angular momenta in the nucleus
has an axis of symmetry that is unchanging with respect to time, all the
diffusion coefficients are independent of φ, and furthermore we may not be
interested in the dependence of f on φ. These considerations motivate the






















dµ fL2 = 1. (2.12)




































2.2.2 Evolution equation for the binary’s orientation
We also consider the case of a binary for which the energy, E, and the
magnitude of the angular momentum, L, change with time in some specified
way: E = E0(t), L = L0(t). In that case, the reduced probability density is
g(E,L, µ) = δ(L− L0(t))δ(E − E0(t))f(µ)L0(t)2. (2.14)
Substituting this expression into Equation (2.13) and integrating over E and
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This reduced problem is similar to one considered by Debye (1929), who
derived a Fokker-Planck equation describing the evolution of the orienta-
tion of a polar molecule in an electric field, subject to collisions with other
molecules. Debye’s treatment appears to be the closest existing treatment
to our own, and it is of interest to demonstrate the correspondence of his





















〈∆µ〉 = −〈∆θ〉 sin θ − 1
2
〈(∆θ)2〉 cos θ, (2.16)
(∆µ)2 = 〈(∆θ)2〉 sin2 θ (2.17)


















For instance, we will show below that for a binary in a rotating nucleus,
〈(∆θ)2〉 ≈ ζ(t)C2, 〈∆θ〉 ≈ ζ(t)
(






where C1,2 are non-negative constants and ζ(t) is some function of time; in a
nonrotating nucleus, C1 = 0. With these forms for the diffusion coefficients,














+ f sin θ
)]
(2.20)
where dτ = C1ζ(t)dt and α = C2/(2C1). This equation has exactly the same
















In the case of no external electric field (equivalent to the case of a non-
rotating nucleus in our model) Debye (1929) made an additional simplifying
assumption: that Ψ = Ψ(∆χ) is a function only of the (spherical) angular
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displacement between L and L+ ∆L, i.e. of
cos (∆χ) =
L · (L+ ∆L)
|L| |L+ ∆L|
. (2.22)
Following Debye, we now derive diffusion coefficients 〈∆θ〉 and 〈(∆θ)2〉 from
this ansatz. Figure 2.1b defines a new spherical-polar coordinate system with
principal axis directed along L (not z), and surface area element sin ΘdΘdξ.
(In Debye’s Figure 25 these coordinates are labeled Θ and φ; while in his
text, the symbol θ is used to represent the same angle labelled Θ in his
figure. Debye uses the symbol ϑ for our θ. Note that Θ – which is small
by assumption – is a differential angle and so can equally well be written as
∆Θ.) Debye (1929) showed via spherical trigonometry that the differential
in (our) θ is given in terms of (Θ, ξ) by























































Θ2Ψ(Θ) sin Θ dΘdξ.
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which has the same form as Debye’s Equation (46) if his drift term is set to
zero.
Merritt (2002) evaluated 〈(∆Θ)2〉 via scattering experiments for a circular-
orbit, equal-mass binary and discussed time-dependent solutions to Equa-
tion (2.26). He used the term “rotational Brownian motion” to describe the
evolution of a binary’s orientation in response to random encounters with
stars.
Returning to the more general case described by Equations (2.15) or
(2.18): we can recast these equations also in terms of (Θ, ξ). As illustrated
in Figure 2.1b, we define the new angles {Θ‖,Θ⊥} via
Θ‖ = Θ cos ξ, Θ⊥ = Θ sin ξ. (2.27)
(Note the analogy with the velocity-space diffusion coefficients for a sin-
gle star, which can be expressed in terms of {∆v‖,∆v⊥}.) The diffusion
coefficients for θ are easily expressed in terms of these variables:
〈∆θ〉 = −〈Θ cos ξ〉+ 1
2





〈(∆θ)2〉 = 〈Θ2 cos2 ξ〉 = 〈(∆Θ‖)2〉. (2.28b)
In Appendix A.2, we show that the Fokker-Planck equation for the angular
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where for the sake of generality a possible dependence on φ has been in-
cluded. In the case of a symmetric transition probability, as considered
by Debye, 〈Θ sin ξ〉 = 〈Θ cos ξ〉 = 〈Θ2 sin ξ cos ξ〉 = 0 and 〈Θ2 sin2 ξ〉 =
〈Θ2 cos2 ξ〉 = 12〈Θ
2〉. Thus
〈∆Θ‖〉 = 〈∆Θ⊥〉 = 〈∆Θ‖∆Θ⊥〉 = 0, (2.30a)
〈(∆Θ‖)2〉 = 〈(∆Θ⊥)2〉 =
1
2
〈(∆Θ)2〉 = const. (2.30b)
and the Fokker-Planck equation returns to the form of Equation (2.26).
2.3 Numerical evaluation of the diffusion coeffi-
cients
2.3.1 Interaction of the massive binary with a single star
We begin by considering the interaction of the massive binary with a
single, initially unbound star (“field star”). Aside from the presence of the
field star, we approximate the binary as an isolated system, with energy
and angular momentum given by equation (2.1). We assume that the star
approaches the binary from infinitely far away, and that after some (possibly
long) time, the star either escapes from the binary along an asymptotically
linear orbit – the “gravitational slingshot” – or (with much lower probability)
it becomes bound to one or the other of the binary’s components.
We write the energy per unit mass of the field star as ε and its angular
momentum per unit mass as l. Given changes in ε and l, we wish to find
expressions for the corresponding changes in the binary’s orbital parameters.
The latter include the binary’s semimajor axis a and eccentricity e, but
also the orbital inclination θ, the longitude of the ascending node Ω, and
27
Chapter 2. BSBH dynamics
the argument of periapsis ω (Figure 2.1a). Given such expressions, we can
compute rates of change of the binary’s elements via scattering experiments.
It is convenient to work in a frame such that the center of mass of
the binary-star system is located at the origin with zero linear momentum.
Henceforth we refer to this as the “center-of-mass” (COM) frame. Let rbin
and vbin be the position and velocity of the massive binary’s center of mass
with respect to the COM frame. Then
M12rbin = −mfr, M12vbin = −mfv (2.31)
where mf , r and v are the field star’s mass, position vector and velocity
respectively. Conservation of energy and angular momentum of the binary-










2 = const., (2.32a)
Lbin +M12rbin × vbin +mfr × v = const. (2.32b)

















·mfε = const. (2.33)
which allows us to express the change in the binary’s energy in terms of the
















Typically we will be concerned with the case mf/M12  1. In this limit,
equations (2.34) and (2.35) imply that the field star’s effect on the binary’s
orbital elements (a, e) is almost the same as if the binary had remained fixed
in space.
Recalling equations (2.1), we can express the binary’s semimajor axis
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Since the changes in both quantities are proportional to mf/µ, we can as-

























where l‖ is the projection of l on Lbin, so that mfδl‖ = −δLbin.
We can also derive expressions for the change in the orientation of the
orbit, i.e., the direction of the binary’s angular momentum vector Lbin. In














GM12a(1− e2) sin θ
(2.38b)
where the designations are as follows:
• lθ is the projection of l onto lbin × (lbin × ẑ) (the axis lying in the
(ẑ, lbin) plane and perpendicular to lbin)
• lΩ is the projection of l onto ẑ × lbin .
2.3.2 Diffusion coefficients
We compute changes in ε and l via scattering experiments (Hills, 1983).
A field star is assigned initial conditions, expressed in terms of its impact
parameter p, velocity at infinity v∞, and any additional parameters that are
required to fully specify the initial stellar orbit (Figure 2.2), all defined in
the COM frame. Starting from a separation much greater than the binary
semimajor axis, the trajectory of the star is integrated forward, in the time-
dependent gravitational field of the rotating binary, typically until the star
has escaped again from the binary and is moving nearly rectilinearly away
from it. The orbital motion of the two components of the binary is assumed
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to be unaffected by the interaction; a valid approximation if mf  M12
(Mikkola & Valtonen, 1992). Changes in the field-star’s energy and angular
momentum are then used, via the expressions derived in the previous section,























Figure 2.2: Notations for initial stellar orbital parameters used in this work.
(a) Impact parameter p and velocity at infinity v∞. (b), (c) Other param-
eters of a star’s initial orbit: angular momentum Lstar, angles defining the
direction of angular momentum θf and ϕf (analogs of inclination and longi-
tude of ascending node, respectively, for an unbound orbit), angle defining
the direction of initial velocity in the orbital plane ψf (analog of argument
of periapsis for an unbound orbit).
Given the results from a large number of scattering experiments, diffusion

















δQ2 dp dv∞ (2.39b)
where (d/dt)N(p, v∞) dp dv∞ is the number of stars, with impact parameters
p to p+ dp and velocities at infinity v∞ to v∞+ dv∞, that interact with the
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binary per unit time. The “ ” symbol here denotes an average over the
binary’s initial mean anomaly, as well as over directions of the field star’s
initial velocity and angular momentum.
The scattering experiments ignore the gravitational potential from the
stars; furthermore, all stellar trajectories are initially unbound with respect
to the binary, since the initial energy of the field star is v2∞/2 > 0. Before
proceeding, we need a scheme that relates N(p, v∞) to the known distribu-
tion of orbits in the stellar nucleus. The latter is defined in terms of the
unperturbed orbits in the nuclear potential, and this potential includes a
contribution from all the stars in the nucleus.
In all of the models discussed below, the field-star distribution is assumed
to be spherically symmetric initially. Even if the nuclear cluster should
depart from spherical symmetry (due to ejection of stars by the massive
binary, say), the gravitational potential will continue to be dominated by
the massive binary, and so to a good approximation the total gravitational
potential can be assumed to remain spherically symmetric, at least at radii
a <∼ r <∼ rm, where rm is the gravitational influence radius of the binary
(defined below). We therefore write the contribution to the gravitational












where the binary has been approximated as a point mass. The other con-
served quantity is the orbital angular momentum per unit mass, L. Let
f?(E,L) be the phase-space number density of stars in the nucleus, and
N(E,L) dE dL the number of stars with orbital elements in the range E to
E + dE and L to L+ dL. N and f? are related via
N(E,L) dE dL = 8π2f?(E,L)P (E,L)LdE dL (2.41)
(Merritt, 2013, Eq. 3.44); here P (E,L) is the radial period.
We wish to establish a one-to one correspondence between (p, v∞) and
(E, L). Since the trajectories in the scattering experiments are different
from those in the nucleus, there is no unique way to do this. We are most
interested in stars’ interaction with the binary, and such interactions occur
mostly when the stars come close to the binary. We therefore choose p =
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p(E,L) and v∞ = v∞(E,L) in such a way that the two representations of
the orbit have the same periapsis distance, rp, and the same velocity at
periapsis, vp. Having established this mapping, we can then compute the
Jacobian determinant that relates the two distributions:
N(p, v∞) dp dv∞ = N(E,L) dE dL = N(E,L)
∣∣∣∣ ∂(E,L)∂(p, v∞)
∣∣∣∣ dp dv∞ (2.42)







∣∣∣∣ N(E,L)P (E,L) . (2.43)
At periapsis, the variables E and L are related via
L2
r2p
= 2 [E − Φ(rp)] (2.44)
while in the scattering experiments,









in both expressions, we represent the binary by a point of mass M12. From
these equations we find the desired mapping:
E(p, v∞) = Φ [rp(p, v∞)] +
p2v2∞
2r2p(p, v∞)




L(p, v∞) = pv∞ (2.46b)
















The orbits of most interest have rp . a; in the case of a hard binary, M?(rp =
a)M12 and the Jacobian determinant reduces to∣∣∣∣ ∂(E,L)∂(p, v∞)
∣∣∣∣ ≈ v2∞. (2.48)
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and similarly for 〈(∆Q)2〉. In these expressions, E and L are understood to
be functions of p and v∞ via equations (2.46).
Previous studies (e.g. Merritt, 2001; Quinlan, 1996) have usually mod-
elled the field star distribution as an infinite homogeneous medium with
number density n and isotropic velocity distribution fv(v) (which we nor-
malize such that 4π
∫∞
0 fvv







δQ× n× 2πp dp






δQ2 × n× 2πp dp
× v∞ × 4πfv(v∞)v2∞dv∞. (2.50b)
Recalling that L = pv∞, we see that these are equivalent to equations (2.49)
if we assume that f?(E,L) = f?(E) = nfv(v) and identify the unperturbed
field star velocities with v∞. But a question then arises: in realistic galactic
nuclei, density n(r) and velocity dispersion σ(r) are functions of radius.
At what radius should we evaluate n and σ in equation (2.50)? Intuition
suggests that this radius should be roughly the influence radius of the binary;
this guess is confirmed in Appendix A.3.
Rotation of the nuclear cluster is introduced as follows. As above, we
choose the z-axis to be aligned with the total angular momentum of the
stars. Starting from a nonrotating cluster (i.e. f? = f?(E,L)), we identify
stars whose angular momentum vectors are displaced by an angle larger
than π/2 with respect to the z-axis. A specified fraction (2η − 1) of these
“counteraligned” stars have their velocities reversed, causing their angular
momentum vectors also to reverse. This operation results in a nonzero total
angular momentum of the nucleus while leaving the distribution N(E,L)
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unchanged. What does change is the distribution of the directions of the























































Here ψb is binary’s initial mean anomaly, ϕf and θf are the spherical co-
ordinates of the field star’s angular momentum direction (with n taken as
the polar axis), and ψf determines the direction of star’s initial velocity in
its orbital plane (i. e. the direction from which the field star is initially
approaching; see Figure 2.2). Setting η = 1/2 would correspond to a non-
rotating nucleus, while η = 0 or η = 1 represents a “maximally” counter- or
corotating nucleus.
We can see immediately from Eq. (2.51) that the dependence of any
diffusion coefficient on the degree of corotation η is always linear and thus
completely defined just by two parameters; convenient choices are 〈∆Q〉η=1/2
and 〈∆Q〉η=1, so that the value of 〈∆Q〉 at some intermediate value of η is
just a linear combination of these two:
〈∆Q〉(η) = 〈∆Q〉η=1/2 · 2(1− η) + 〈∆Q〉η=1 · 2(η − 1/2). (2.52)









The resulting expressions for the diffusion coefficients are obtained by com-
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bining equations (2.50), (2.51) and (2.53):


















































































Numerically, 〈∆Q〉 and 〈(∆Q)2〉 were computed after replacing the in-
tegrals by summations over discrete field star-binary encounters. The latter
were computed in much the same manner as in previous studies (e.g. Mer-
ritt, 2002; Quinlan, 1996; Sesana et al., 2006), by integrating the trajectories
of massless “stars” in the time-dependent gravitational field of the massive
binary. Integrations were carried out using ARCHAIN, an implementation
of algorithmic regularization (Mikkola & Merritt, 2008). ARCHAIN was
developed to treat small-N systems. We found that for three-body systems,
ARCHAIN can be even faster than an algorithm which advances the binary
orbit via Kepler’s equation and integrates only the field star’s equations of
motion, as in the studies just cited. In the case of circular binaries, the
relative change in Jacobi’s constant was always less than 10−5.
Field star trajectories were assumed to be Keplerian until the star had
approached within a distance of 50a from the binary’s center of mass, after
which the orbit was numerically integrated until it had exited the sphere
of radius 50a with positive total energy. The final energy and angular mo-
mentum of the star were then recorded. Given the changes in the field-star
trajectory, the changes δQ or δQ2 were computed using the expressions in
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§2.3.1. If this did not happen after about 104 binary periods, the star was
considered to be captured by the binary, and it was not included when com-
puting the diffusion coefficients. The fraction of captured stars was always
less than 1%.
Finally, the “VEGAS” method developed by Lepage (1980) was used
to numerically calculate the integrals. We used the implementation in the
GNU Scientific Library (Galassi et al., 2009). The VEGAS algorithm is
based on importance sampling: it samples points from the probability dis-
tribution described by the absolute value of the integrand, so that the points
are concentrated in the regions that make the largest contribution to the in-
tegral. In practice it is not possible to sample from the exact distribution
for an arbitrary function; the VEGAS algorithm approximates the exact
distribution by making a number of passes over the integration region while
histogramming the integrand. Each histogram is used to define a sampling
distribution for the next pass. Asymptotically this procedure converges to
the desired distribution.
2.3.3 Bound vs. unbound stars
In the scattering experiments, all field-star orbits are initially unbound
with respect to the binary. Some of these orbits have periapsis parameters
(rp, vp) that are associated also with bound orbits in the full galactic po-
tential, i.e., orbits with E < 0, and these are the orbits that will appear
in integrals like that of equation (2.49). However, some (p, v∞) values map
onto orbits with E > 0 in the full galactic potential, and there likewise exist
orbits with E < 0 having periapsis parameters that are not matched by
orbits with any (p, v∞) in the scattering experiments. Some orbits of very
negative E fall into this category, since they move effectively in the potential
of the binary alone (like in the scattering experiments) but are nevertheless
bound to the binary (unlike in the scattering experiments). Orbits such as
these will not be represented in integrals like (2.49) even though they might
exist in the real galaxy, and this is a potential source of systematic error in
our computation of the diffusion coefficients.
To get a better idea of which orbits in the galactic potential are being
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Figure 2.3: Left: shaded (blue) area corresponds to orbits in the scattering
experiments that would be bound to the galaxy given our adopted mapping
(p, v∞) ⇔ (E,L), assuming γ = 5/2 and S = 6. Right: shaded area shows
the region in (E,L) space corresponding to orbits that would be included in
the scattering experiments, also for γ = 5/2, S = 6.






, γ < 3. (2.55)










(3− γ)(γ − 2)
(2.56)
and the energy of a star, expressed in terms of p and v∞ via the mapping
defined above, is
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with rm defined as the radius containing a mass in stars equal to 2M12. (If
we, arbitrarily, replace rm in this expression with rinfl ≡ GM12/σ2, then
S = Vbin/σ which is a more common definition of binary hardness. The two
definitions are equivalent in an “isothermal” nucleus, i.e. ρ ∝ r−2 and σ =
const.)
Values of p and v∞ that violate the condition (2.58) correspond (via our
adopted mapping) to orbits that would be unbound and hence not present
in the galaxy. Figure 2.3a illustrates the allowed values of (p, v∞) for the
case γ = 5/2, S = 6.
We are more interested in the values of (E,L) that are not accessible, via
the mapping (2.46), to any (p, v∞). Figure 2.3b illustrates the allowed (E,L)
region for the power-law model with γ = 5/2. (We chose a relatively large γ
so that the stellar gravitational potential Φ?(r) would not be infinitely large
at infinity – that would cause problems since most of the interacting stars
come from large distances.) We see that tightly-bound orbits, E → −∞,
are representable but only if they are very eccentric. Orbits that are highly
bound and nearly circular are excluded.
By excluding certain orbits, we are in effect changing the density profile
of the stars that are allowed to interact with the binary. Figure 2.4 compares
the number density of all stars in the galaxy with the density of stars that
are representable via the scattering experiments, again for S = 6, γ = 5/2.
When we carry out the same analysis for a more realistic, broken-power-law
density, the pictures for (E,L) and (rp, vp) stay qualitatively the same, while
the region in (p, v∞) has lost its high-velocity tail. We would argue that this
loss is not important given that, for a hard binary, most of the stars have
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Figure 2.4: Black: number density of stars having (E,L) values that are
representable via the scattering experiments. Red: total number density.
This figure assumes a power-law density profile, n ∝ r−5/2, and a binary
hardness S = 6.
initial velocities (at infinity) ∼ S−1Vbin  Vbin.
So far, we have ignored the possible effects of stars that are bound to
the massive binary. Such stars can of course interact with the binary and
influence the evolution of its orbital parameters. That influence was studied
by Sesana et al. (2008) and Sesana (2010), who used a “hybrid” code that
combined scattering experiments with an approximate representation of the
dynamical evolution of the nucleus. They found that the ejection of bound
stars can significantly change the binary’s orbit, but that once such stars are
ejected, essentially no stars replace them, and subsequent evolution of the
binary is only due to the unbound stars. The closer the binary’s mass ratio
is to one, the shorter is the characteristic time for depletion of the initially-
bound stars, and for equal-mass binaries that time is only a few binary
periods. Furthermore, in full N -body simulations starting from realistic
(pre-merger) initial conditions (Gualandris & Merritt, 2012; Milosavljević &
Merritt, 2001) and mass ratios close to unity, the early phase of evolution
due to bound stars is not observed; perhaps because this phase is so short
that it can not be distinguished from the phase of binary formation.
2.4 Understanding the results from the scattering
experiments
Here we discuss some systematic features arising from the scattering
experiments, particularly in regard to the direction of the field-star angular
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momentum changes, and provide some quantitative interpretations. Unless
otherwise indicated, results in this section are presented in dimensionless
units such that GM12 = a = 1. All experiments in this section adopt a
circular-orbit, equal-mass binary, and spherically symmetric distribution of
stellar velocities and angular momenta.
Figure 2.5: Density plots showing the final angle, θf , between l and lbin
versus the initial angle, θi. Each frame contains results from 10
6 trajectories
for different values of p and v∞.
A striking result from the numerical integrations is illustrated in Fig-
ure 2.5, which shows the relation between ϑi and ϑf , the initial and final
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values of the angle ϑ between l and lbin. Stars that are initially counterro-
tating with respect to the binary (π/2 . ϑi . π) tend to become corotating
after the interaction (0 . ϑf . π/2), as if their orbits had been “flipped”.
Orbits that are initially corotating, on the other hand, tend to remain coro-
tating. Stated differently: the changes in stellar angular momenta tend to
align with the binary’s angular momentum.
Inspection of the detailed orbits of stars that undergo significant changes
in their orbital parameters suggests that most of them interact with the bi-
nary in a series of brief and close encounters (distances a) with M1 and/or
M2, continuing until the star is ejected. Furthermore, in the case of the ini-
tially nearly corotating stars, the number of close interactions can reach a
few tens, while almost all of the initially counterrotating stars experience
ejection after just one close interaction. The probable reason is that a coun-
terrotating star has larger velocity with respect to the binary component
that it closely interacts with, making a “capture” less likely.
Inspection of plots like those in Figure 2.5 reveals another regularity in
the outcomes of the scattering experiments: values of {p, v∞} that imply the
same rp for the initial orbit, equation (2.45), tend to yield similar results
(e.g. the upper-right and lower-left panels in Figure 2.5).
While the interaction of a field star with the binary is typically chaotic in
character, there can be conserved quantitites associated with the star’s mo-
tion, and the existence of such quantities might help to explain regularities
like those discussed above. In the restricted circular three-body problem (i.e.
a zero-mass field star interacting with a circular-orbit binary), the Jacobi









+ 2nlz − ẋ2 − ẏ2 − ż2 (2.62a)
= −2 (E − nlz) (2.62b)
where lz = xẏ − yẋ is the specific angular momentum of the field star with
respect to the binary center of mass, r1 and r2 are the distance of the field
star from M1 and M2 respectively, and n = 2π/P is the (fixed) angular
velocity of the binary, whose angular momentum is aligned with the z-axis.
At times either long before or long after its interaction with the binary,
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Figure 2.6: (a) Distribution of angular momentum changes for the stars with
p = 1 . . . 2, v∞ = 0.3. (b) Distribution of angular momentum changes for
the stars with p = 0.3, v∞ = 1.
the field star’s Jacobi integral is
HJ ≈ −v2 + 2n lz. (2.63)
Conservation of HJ, in the case of a circular-orbit binary, therefore implies
that the total change in the field star’s energy is related to the change in
the component of its angular momentum parallel to lbin:
δE = n δlz. (2.64)
A star that escapes to infinity must have final energy E = v2/2 > 0, so from





where v∞ is, as always, the field-star velocity at t→ −∞.
Figure 2.6(a) illustrates this result, based on scattering experiments with
a circular-orbit, equal-mass binary and an assumed isotropic distribution of
field stars having impact parameters in the range p = 1 . . . 2 and a single
velocity v∞ = 0.3; the sharp lower boundary is at −v2∞/2 ≈ −0.045. Since
a typical value of |δl| is ∼ 1 (both the torque acting on a star during an
42
Chapter 2. BSBH dynamics
encounter, and the time it spends close to the binary, are of order unity),
which is much greater than v2∞/2, it is not surprising that 〈δlz〉 ∼ 1, hence
δE > 0, i.e. most encounters take energy from the binary. Now, if we imag-
ine increasing v∞, the lower bound on δlz becomes smaller (more negative).
This is illustrated by Figure 2.6(b) which sets (p, v∞) = (0.3, v = 1), for
which (δlz)min ≈ −0.5. In this case, the average δlz, i.e. the average energy
gain, is almost zero (even negative, if we take only the corotating stars, as
discussed below).
Recall that in our adopted units, a typical field-star velocity is v∞ ≈ σ =
1/S  1 for a hard binary, implying v2∞/2 1, hence 〈δlz〉 > 0. This leads
us to the conclusion that only stars with v∞ . vbin contribute to hardening
of the binary.
Vrcelj & Kiewiet de Jonge (1978) found a conserved quantity, analogous
to the Jacobi integral, in the non-circular restricted three-body problem;













0 de is the net change in binary’s eccentricity, calculated in
the approximation of infinitesimal field-star mass mf (which means that
δe ∼ mf and δe/mf doesn’t depend on mf ). This relation is actually
equivalent to (2.37b) – we need only recall that n = 2π/T =
√
GM12/a3
and the constant on the right-hand side of equation (2.66) is the initial value
of the left-hand side:

















which is the same as (2.37b). In the case of a circular binary, e = 0, the
last term is zero and this generalized conserved quantity turns into Jacobi
constant. In the case of a large-mass-ratio binary, the last term also becomes
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negligible, which results in
ε− n
(1− e2)1/2
lz = const (2.69)
This expression, very similar to the Jacobi constant, gives us a limitation





This, in turn, allows us to use the arguments analogous to those presented
in the previous section to explain the net increase in the binary’s angular
momentum in the case of binary large mass ratio and any eccentricity.
2.5 Numerical calculation of diffusion coefficients
In this section we present values for the drift and diffusion coefficients
that describe changes in the binary’s orbital elements, as computed from the
scattering experiments in the manner described above (§ 2.3). Results are
presented for the orbital elements a (semimajor axis), θ (orbital inclination),
e (eccentricity), ω (argument of periapsis), and Ω (longitude of ascending
node).
With the exception of the diffusion coefficients for ω itself, results pre-
sented here are averaged over ω (except in the special cases where ω is
ignorable, e.g. e = 0).
The diffusion coefficients are functions of the orbital elements themselves,
as well as the following three parameters:
• The ratio of binary component masses, q ≡ M1/M2. Usually we as-
sume q ≥ 1, but unless otherwise specified, the formulae we give stay
the same when one replaces q for 1/q.
• The degree of corotation of the stellar nucleus, η (Eq. 2.54). η = 1/2
corresponds to a nonrotating nucleus, η = 1 or η = 0 to a maximally
co- or counterrotating nucleus (defined with respect to the sense of
rotation of the binary).
• The upper cutoff to the impact parameter of incoming stars, pmax.
Ideally, we would want to set pmax = ∞. We found that increasing
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pmax/a above ∼ 6S = 6Vbin/σ did not result in any appreciable change
in any of the diffusion coefficients, so we fixed pmax/a at 6S in what
follows.
Aside from pmax and ω, there are six parameters on which the diffusion
coefficients can depend: a, θ, e, Ω, q and η. This is too large a number to
explore fully, but in what follows, we attempt to identify the most important
dependences.
2.5.1 Drift and diffusion coefficients for the semimajor axis
A standard definition of the dimensionless binary hardening rate (e. g.










In the Fokker-Planck formalism, da/dt corresponds to 〈∆a〉. Accordingly,
we express the first- and second-order diffusion coefficients for a in terms of











































with S ≡ Vbin/σ, z ≡ v/Vbin and ν ≡ µ/M12 = q/(1 + q)2. Here δε is the
change in specific energy of the star during one interaction with the binary
(see §2.3.1, in particular Equation 2.37a). For convenience, we henceforth
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In a nonrotating nucleus, the hardening rate depends only on the param-
eters S, q and e. Mikkola & Valtonen (1992), Quinlan (1996) and Sesana et
al. (2006) studied these dependences and derived analytical approximations
for them. Sesana et al. (2006, Section 3) find that the dependence of H on
binary hardness is roughly the same for all values of q and e if the hardness

















Our results for the hardening rate are in good agreement with those of
Sesana et al. (2006), as shown in Figure 2.7a.
In a rotating nucleus, da/dt depends also on η and θ. Figure 2.7b shows
the θ-dependence in maximally-rotating nuclei. We see that H ≈ c1+c2 cos θ
in this case, and that H tends to a constant (c2 ≈ 0), independent of θ, for
S & 4. For sufficiently soft binaries (S . 1), the hardening rate can be
negative for θ < π/2; this is qualitatively different than the nonrotating
case for which H is always positive. Evidently, a binary in a nucleus with a
high enough degree of corotation need not harden at all, at least in the case
that the dynamical friction force fades before the three-body hardening rate
becomes positive.
This difference can be traced to the different nature of star-binary in-
teractions in the two cases. In the case of a hard binary, the initial velocity
of the star is negligible compared to the escape velocity from the binary’s
orbit and the interaction is rather chaotic in nature; the final parameters of
the stellar orbit are practically random and independent of the initial ones.
Since the typical, final velocity is of the order of escape velocity, most of
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Figure 2.7: Dimensionless hardening rate H (Equation 2.72c) as a function
of binary orbital elements and the parameters that define the stellar nucleus.
(a) Dependence of H on binary hardness a/ah (Equation 3.5) for a binary
in a nonrotating nucleus. Black is for q = 1, e = 0, red is for q = 9, e = 0,
blue is for q = 1, e = 0.9. Symbols are the results of scattering experiments,
solid curves are Equation (16) of Sesana et al. (2006), dashed curves are
Equation (18) of Quinlan (1996). (b) Dependence of H on binary orbital
inclination θ for a circular, equal-mass binary in a maximally rotating (η =
1) nucleus. Different colors are for S = 0.1, 0.2, 0.5, 1, 2, 4, 8 (a/ah =
1600, 400, 64, 16, 4, 1, 0.25), with higher S (lower a/ah) corresponding to
higher H(θ = π). (c) Dependence of H on the argument of periapsis ω for
an equal-mass binary in a maximally-rotating nucleus, with S = 4, e = 0.5,
θ = π/2. (d) Dependence of H on binary eccentricity e for an equal-mass
binary in a maximally-rotating nucleus; S = 4. Black: θ = 0; red: θ = π.
The values of H are averaged over ω, assuming a uniform distribution of ω.
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the stars gain energy as a result of the interaction, and the binary becomes
harder (see also Figure 2.6 and the arguments about the conservation of
Jacobi constant in § 2.4). In the case of a soft binary, the star approaches
the binary with a velocity much greater than the escape velocity, and inter-
action consists typically of only one close interaction with one of the binary
components, with a relatively small change in the star’s velocity. At the
moment of that close interaction, the binary component moves (more or
less) in the same (opposite) direction as the star in the corotating (coun-
terrotating) case. Considering that the star is massless and the interaction
is elastic, we know from classical mechanics that the star loses energy as a
result of interaction in the first case, and gains energy in the second case.
This explains the aforementioned dependence of hardening rate on θ.
We note that Holley-Bockelmann & Khan (2015) obtained a different re-
sult by means of N -body simulations. In rotating nuclei, the hardening rate
was found to always be higher than in nonrotating systems regardless of the
binary’s orientation. The disagreement with our results may be related to
the binary’s center-of-mass motion in their models. In the counterrotating
case, they found that the binary exhibited a random walk but with a seem-
ingly higher amplitude than in nonrotating nuclei; while in the corotating
case, the binary was observed to go into a circular orbit with a radius larger
than the Brownian motion amplitude in both cases. As a result, the effective
stellar scattering cross-section in rotating models was probably higher. We
note that the amplitude of the binary’s center-of-mass motion is likely to be
strongly dependent on m?/M12 and that this ratio is much larger in N -body
models than in real galaxies.
For eccentric binaries, there are two more parameters on which H could
depend: argument of periapsis ω and eccentricity e. Our results suggest
no dependence of H on ω (Fig. 2.7c) and only a weak dependence on e
(Figure 2.7d), with at most ∼ 25% difference in H between circular and
eccentric binaries, similar to the nonrotating case.
Next we consider the dimensionless coefficient H ′ that determines the
second-order diffusion coefficient (Equation 2.72d). It turns out that H ′
is not too strongly dependent on the orbital elements or the parameters
defining the stellar nucleus: 50 . H ′ . 200, i. e. H ′ ∼ 102. As shown
below, such small values of H ′ are small enough to ignore the second-order
effects completely, thus we haven’t studied the dependence of H on different
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Figure 2.8: Dimensionless diffusion coefficient in semimajor axis H ′ (Equa-
tion 2.72d) as a function of binary orbital elements for q = 1, η = 1. (a)
Dependence of H ′ on binary orbital inclination θ for e = 0. (b) Dependence
of H on binary eccentricity e. Black: θ = 0; red: θ = π.
parameters in detail. Fig. 2.8 shows the dependence of H ′ on θ and e.
In § 2.2, we derived a one-dimensional Fokker-Planck equation for bi-
nary orientation assuming that we knew a priori the time dependence of the
binary’s energy, i. e., semimajor axis a. Our finding of H being approx-
imately independent of any orbital parameters other than a confirms that

















Also, the aforementioned assumption that we can replace a with a(t) requires
the second-order terms in a to be negligible, i. e. it requires the deterministic
change in a in one hardening time:
(∆a)1 ≡ |〈∆a〉| × thard ≈ a (2.77)
to be greater than the change due to diffusion:
(∆a)2 ≡
√















For hard binaries H ′/H . 10, and even for binaries as soft as a/ah = 10,
H ′/H . 20. The largest star-binary mass ratio that is consistent with
our test-mass approximation is mf/M12 ≈ 0.1. Considering that in reality
mf/M12 is usually a few orders of magnitude smaller than that, we can be
sure that condition (2.79) is fulfilled under all realistic parameter values.
Returning to the first-order diffusion coefficient 〈∆a〉: we found that
rotation of the nucleus significantly affected the hardening rate for soft bi-
naries (a/ah & 8 (which corresponds to S & 1 for q = 1) for η = 1 and even
softer for η < 1; see Figure 2.7b). However, applying our 3-body scattering
technique at such high binary separations may yield misleading results for
the following reasons:
1. Dynamical friction acting on the two binary components indepen-
dently may play a significant role when a & af , where af is the sepa-
ration at which the stellar mass within radius af is ∼ 2M2, according
to Gualandris & Merritt (2012). In their simulations, af ≈ 100ah.
2. At large separations, the two SBHs may not be bound yet (and not
follow the Keplerian trajectories). We have analyzed the N -body data
of Gualandris & Merritt (2012) and found that in their models, this is
true for a/ah > 20...30.
3. The hardening time may be shorter than the binary orbital period,
invalidating our assumption that the two black holes follow a Keplerian
orbit. In the simulations of Gualandris & Merritt (2012), this was the
case for a/ah & 10. For nonrotating (or weakly rotating) nuclei we
can estimate the characteristic separation, as follows. Adopting the
analytical approximation for the hardening rate form Sesana et al.












, a/ah  1. (2.80)
The condition T > thard, where T is the binary’s (Keplerian) period,
50






















Other orbital elements change too, but, as will be shown later in this
section, the characteristic times for them are either comparable to or
longer than the hardening time.
4. In our scattering experiments we assumed that stars approach the
binary on Keplerian trajectories until they reach a separation of 50a
from the binary; that is: we assumed that the binary dominates the
gravitational potential at r < 50a. This may not be the case if rinfl 
50a. In addition, the derivation of the formulae which we used to
calculate the diffusion coefficients (§2.3.2) relies on the assumption
that rinfl  a.
2.5.2 Drift and diffusion coefficients for the eccentricity
A standard definition for the dimensionless rate of change of binary ec-






In the Fokker-Planck formalism, K is related to the first-order diffusion




As in the case of semimajor axis, we define a second dimensionless variable
K ′ such that
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Figure 2.9: Dimensionless rate of change of eccentricity K (Equation 2.85c).
Points: the dependence of K on various parameters for a maximally-rotating
nucleus (η = 1). Unless otherwise indicated, q = 1, S = 4 (S = 8 on Fig.
d), e = 0.5, θ = π/4. All of the figures show values of K averaged over ω
assuming a uniform distribution of ω. Curves: fits to Equation (2.86).
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Sesana et al. (2011) studied the evolution of eccentricity in rotating stel-
lar environments and found that co- and counter-rotating binaries, started
from e = 0.5, quickly evolve to e ≈ 0 and e ≈ 1, respectively, in about one
hardening time. Our results, shown in Figure 2.9, are in good agreement:
as long as e is not too close to 0 or 1 and S & 2, K ≈ −0.5 for θ = 0
and K ≈ 0.5 for θ = π. K can be understood as eccentricity change per
hardening time, so the agreement is not only qualitative, but quantitative
as well.
The dependence of K on both e and θ in the hard-binary limit can be
crudely approximated as
K(e, θ, η) ≈ 1.5 e (1− e2)0.7 [0.15− (2η − 1) cos θ]. (2.86)
Previously K was calculated only for nonrotating systems (Mikkola & Val-
tonen, 1992; Quinlan, 1996; Sesana et al., 2006). The results of Mikkola
& Valtonen (1992) and Quinlan (1996) agree well with each other, but not
so well with those of Sesana et al. (2006). Our Equation (2.86) gives the
following result for η = 1/2:
Kη=1/2(e) ≈ 0.225 e (1− e2)0.7. (2.87)
We plot this function, and the earlier approximations, in Figure 2.10. Our
expression is consistent with that of Sesana et al. (2006) in the S →∞ limit
(which is almost reached at S = 30). The discrepancy between different
authors is probably due to the difficulty of computing K from scattering
experiments, as emphasized by Quinlan (1996).
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Figure 2.10: Eccentricity growth rate K for equal-mass binaries in nonrotat-
ing nuclei. Black line: our analytical approximation. Green line: the results
of Mikkola & Valtonen (1992) in S → ∞ limit. Red lines: the results of
Quinlan (1996) for S = 10 (solid) and S = 30 (dashed). Blue circles: the
results of Sesana et al. (2006) for S = 10 (filled) and S = 30 (empty).
As it was shown in §2.5.1, for S . 1 there are values of θ where H → 0, so
by definition K → ±∞ (because KH is still nonzero). This just means that
the definition of K loses its meaning, because the binary doesn’t harden,
and we can’t use a as a proxy for time.
2.5.3 Diffusion coefficients for orbital inclination
In this section the diffusion coefficients describing changes in the binary’s
orbital inclination are presented. Inclination is defined here via the angle
θ, defined in §2.2 and Figure 2.1 as the angle between the binary’s angular
momentum vector and the rotation axis of the stellar nucleus. A number
of other angular variables were defined in §2.2.1 and §2.2.2; we refer the
reader to those sections, where transformation equations between the various
diffusion coefficients describing orbital inclination are presented.
We express the diffusion coefficients in terms of the dimensionless rates
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These expressions were obtained from Equations (2.38a) and (2.50) assum-
ing a Maxwellian velocity distribution (Equation 2.53). The expression for
〈(∆θ)2〉 is similar to Equation (20) of Merritt (2002). In the simplest case
of a circular equal-mass binary in a spherically symmetric nucleus, Dθ,1 = 0
and Dθ,2 depends on two parameters only:
S ≡ Vbin
σ




Figure 3 of Merritt (2002) suggests that setting R = 6 is acceptable for any
hardness S & 1 and we adopt that value in what follows.
Figures 2.11 and 2.12 show the dependence of Dθ,1 and Dθ,2 on the
various parameters. We note the following:
1. Dθ,1 is always positive, i. e. 〈∆θ〉 is always negative, and the angular
momentum of the binary always tends to align with the rotation axis
of the stellar nucleus.
2. Both Dθ,1 and Dθ,2 increase with increasing binary hardness (Fig-
ures 2.11a-b), reaching a maximum at S → ∞, like H. The depen-
dence is less steep than 1/a, so that 〈∆θ〉 and 〈(∆θ)2〉 are both de-
creasing functions of binary hardness.
3. There is a clear trend for Dθ,2 to increase for decreasing mass ratio q,
for a given a/ah (Figures 2.11b, 2.12b).
4. The dependence of Dθ,12 on η is accurately linear (Figures 2.11c-d),
consistent with definition of η (Equation 2.51).
5. Dθ,1(θ) can be approximated as C sin θ (Figure 2.11e), as written pre-
viously in Equation (2.19); the second term in that equation is zero
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Figure 2.11: Dependence of Dθ,1 and Dθ,2 on various parameters: semimajor
axis a expressed in units of ah (defined in Equation 3.5), degree of corotation
η, binary inclination θ, eccentricity e, binary mass ratio q and argument of
periapsis ω. If not stated otherwise, S = 4, η = 1, e = 0 and q = 1 for both
Dθ,1 and Dθ,2, θ = π/2 for Dθ,1 and θ = 0 for Dθ,2.
56





























































































Figure 2.12: Continuation of Figure 2.11. The default parameter values
are the same except as follows: (b) η = 1/2; (d) θ = π/2, e = 0.9; (f)
θ = π/2. The lines on (a) and (b) are the analytical approximations given
by Equation (2.90). The lines on (c) and (d) are a0 + a1 cos 2ω fits. (e) and
(f) show the values averaged over the argument of periapsis ω, assuming the
uniform distribution of ω; note that these two figures show
√
1− e2Dθ,1 and
(1 − e2)Dθ,1 which have finite limits at e → 1, so Dθ,1 ∼ (1 − e2)−1/2 and
Dθ,2 ∼ (1− e2)−1 in the high-eccentricity limit.
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for the scattering experiments which assume infinitesimal stellar mass.
Dθ,2 decreases with θ, but not very dramatically: Dθ,2(0)/Dθ,2(π) ≈
1.5 for circular binaries (Figure 2.11f).
6. For eccentric binaries, a new variable comes into play — the argument
of periapsis ω. We define ω such that ω = 0 and ω = π correspond to
the binary’s major axis being perpendicular to the z axis. The depen-
dence of Dθ,12 on ω is shown on Figures 2.12c, d. Both Dθ,1(ω) and
Dθ,2(ω) can be well approximated as C1+C2 cos 2ω, and for high eccen-
tricities this dependence can be rather steep: Dθ,1(ω = 0)/Dθ,1(ω =
π/2) ≈ (1 − e)−1, Dθ,2(ω = 0)/Dθ,2(ω = π/2) ≈ 1.5(1 − e)−1. It is
remarkable that the latter relation is almost independent of the degree
of nuclear rotation η (compare the black and red lines of Figure 2.12d).
The configurations with greatest Dθ therefore consist of eccentric bina-
ries that are oriented perpendicular to the nuclear rotation axis, when
changes in θ correspond to rotation of the binary orbit about its long
axis.
7. At high eccentricities, Dθ,1 ∼ (1 − e2)−1/2 and Dθ,2 ∼ (1 − e2)−1
(Figures 2.12e,f). This is consistent with Equation (2.88) which states
that Dθ,1 ∼ 1/lb, Dθ,2 ∼ 1/l2b .
8. Dθ,1 and Dθ,2 depend in rather different ways on binary mass ratio
q (Figures 2.12a,b). It can be shown analytically that in the small q
limit, Dθ,1(q) ∼ q and Dθ,2(q) ≈ const (see Appendix A.4). Accord-















These functions satisfy the conditions Dθ,1(q) ∼ q and Dθ,2(q) ≈ const
at small q and are also invariant to the change q → 1/q, appropriate
given that either of the binary components can be “first”. Figure 2.12a,
b verify the good fit of these analytical forms to the data, consistent
with the arguments of Appendix A.4. Except in the case of extreme
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mass ratios (q . 10−2), an even simpler approximation is adequate for
hard binaries: Dθ,1 ≈ const, Dθ,2 ≈
√
1/q, which works for S & 8.
The only other work known to us that studied the dependence of
reorientation on q is Cui & Yu (2014). Their results are consistent
with ours, although it is difficult to say more since they show only
three points (q = 1, 0.1, 0.01) with large error bars.
We can summarize these results by writing the following, approximate
expressions for the dimensionless diffusion coefficients, which are valid in the
limit of a hard binary:





















Or, after averaging over ω,










Having specified the parameter dependence of the diffusion coefficients,
we can estimate the reorientation of the binary plane in one hardening time
in the diffusion-dominated (nonrotating nucleus) and drift-dominated (ro-
tating nucleus) cases. Adopting Equation (2.76b) for the binary hardening
time, with H ≈ 16 (hard binary), we find for the change in inclination in



















Equation (2.94) is similar to expressions given in Merritt (2002) who con-
sidered the case q = 1, e = 0. Gualandris & Merritt (2007, Equation 4.4)
presented an expression for δθ2 as a function of q and e. Their expression
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has about the same value at q = 1, e = 0 and the same dependence on e for
e → 1, although the mass ratio dependence was given by those authors as
δθ2 ∼
√
1/q. Our expression supersedes theirs.
In the drift-dominated regime (Eq. 2.92a) we find





We see that unless the corotation fraction of the nucleus is very small (η −
1/2 1), δθ1 is of the order of θ — a significant reorientation occurs on the
hardening timescale. Comparison of (2.95) with (2.94) shows that for typical
SMBH masses (M1,2 = 10
6...109M) the first-order effect prevails over the
second-order one even for corotation fractions as small as η− 1/2 = 0.01 (i.
e., in nuclei where only 1% of all stars contribute to rotation). This is due
to different dependence on the field particle mass — first-order effects don’t




2.5.4 Diffusion coefficients for the longitude of the ascending
node
In this section the diffusion coefficients describing changes in the longi-
tude of the binary’s line of nodes, Ω, are presented. As shown in Figure 2.1,
Ω is equivalent to the φ− coordinate of the binary’s angular momentum
vector in a spherical coordinate system having the nuclear rotation axis as
reference axis. Sections 2.2.1 and 2.2.2 present relations between {Ω, ∆Ω}
and the “local” displacement variables ∆Θ⊥ and ∆Θ‖ (see Figure 2.1b and
Equations A.9).
From Equation (2.38b) we derive the following expressions for the first-
and second-order diffusion coefficients, in terms of the dimensionless rates
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By symmetry, none of the diffusion coefficients (either those for Ω, or for the
other variables presented above) are functions of Ω. However there are no
obvious constraints from symmetry that would imply the vanishing of the
diffusion coefficients in Ω, at least in the case of a rotating stellar nucleus.
Immediately we see that DΩ,12 →∞ at θ = 0 and θ = π, which is natural
since Ω becomes undefined when the binary orbit is aligned with the x− y
plane.
Our results are consistent with DΩ,1 = 0, both in nonrotating and ro-
tating nuclei. This result is consistent with the results of Cui & Yu (2014,
Figure 6).
Figure 2.13 shows the dependence of DΩ,2 on the various parameters.
The dependences are similar to those of Dθ,2. This is not surprising, since
in the case of zero nuclear rotation, DΩ,2 sin
2 θ at argument of periapsis ω is
exactly equal to Dθ,2 at argument of periapsis π/2−ω, and neither coefficient
depends strongly on the degree of nuclear rotation. From this figure, we see
that DΩ,2 sin
2 θ = 20...500, and from this we can estimate the change in Ω
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(a)



















































Figure 2.13: Dependence of DΩ,2 on various parameters: binary inclination
θ, eccentricity e, mass ratio q and argument of periapsis ω. Unless otherwise
stated, S = 4, η = 1, e = 0, q = 1 and θ = π/2, except for e = 0.9 in (c).
The line in (c) is a0 + a1 cos 2ω fit.
2.5.5 Diffusion coefficients for the argument of periapsis
As in the case of the angular variables θ and Ω, we write the diffusion














The argument of periapsis differs from all the other orbital elements
considered here, in the sense that it is not related to the binary’s energy or
angular momentum. It is therefore not possible to calculate changes in ω by
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Figure 2.14: Dependence of Dω,1 on various parameters. Unless otherwise
stated, mf/M12 = 10
−6, S = 4, η = 1, e = 0.8, q = 1, θ = 0.5. (b) ω = π/2;
(c) ω = π/4; (d)-(f) ω = 0.
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means of scattering experiments with zero stellar mass. Instead, we carried
out scattering experiments with small but nonzero stellar mass (using the
same ARCHAIN integrator; see §2.3), and recorded the initial and final
values of ω. Because of that, we only consider the first-order coefficient
below.
The minus sign in the definition of Dω,1 reflects the fact that 〈∆ω〉 is
always negative. (Note that we define ω such that negative 〈∆ω〉 means
orbital precession in the direction opposite to the orbital motion of binary
components.) Figure 2.14 shows the parameter dependences. Figure 2.14a
verifies that Dω,1 (and thus 〈∆ω〉) is independent, within the uncertainties,
of the mass of the field star mf when mf is sufficiently small (mf . 0.01M12)
as we would expect for the first-order diffusion coefficient.
Interestingly, 〈∆ω〉 is significantly nonzero even in a nonrotating nucleus
(see the black line on Figure 2.14a). As far as we know, this source of apsidal
precession has never been discussed heretofore. We evaluate the importance
of this precession by estimating how much ω changes in one hardening time:




(for a binary with moderate eccentricity). Precession at this rate helps to
justify our decision to average the diffusion coefficients in θ over ω. Below
we compare changes in ω due to this mechanism with changes due to other
sources of apsidal precession, e.g., general relativity.
2.6 Effect of General Relativity
In the post-Newtonian approximation, the effects of general relativity
(GR) on the motion can be treated by adding terms of order (v2/c2)n,
n = 1, 2, . . . to the Newtonian equations of motion, where v are r are typical
velocities and separations and m is the particle mass. At the lowest, or 1PN,
order, the exact N -body equations of motion can be written for arbitrary N :
the so-called Einstein-Infeld-Hoffmann equations of motion (Einstein et al.,
1938). At higher PN orders, closed-form expressions for the accelerations
only exist for two-particle systems.
In this section we consider the effects of GR on the orbital motion of the
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two SBHs. Since N = 2 for the binary, we are able to consider PN terms
of arbitrary order. GR also affects the motion of a star with respect to
the massive binary. We ignore those effects, partly out of convenience, but
also on the grounds that the time of interaction of a star with the massive
binary is typically small compared with the time required for GR effects to
influence the star’s motion.
A characteristic distance associated with the effects of GR is the gravi-










We consider the effects of GR in PN order, from lowest to highest, and
ignore for the moment spin of the two SBHs:
1. Adding the 1PN terms to the binary’s equation of motion results in
apsidal (in-plane) precession of the binary orbit. The time for the







(Merritt, 2013, Eq. 4.274) where T = 2π
√
a3/GM12 is the binary’s
period. We can compare this time with the time for the binary orbit
to precess as a result of cumulative interactions with stars, as given
by Equation (2.98). The two timescales are equal when








Due to the smallness of the exponents, we can neglect the (1 − e2)
factor, and we substitute Dω,1 ≈ 15 (see §2.5.5), yielding













This is a relatively large separation – of order the hard-binary sepa-
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ration – implying that 1PN precession typically dominates over three-
body precession even though the precession effects themselves are





















As the binary orbit shrinks, this ratio becomes smaller (tω/T ∝ a);
while the timescale associated with three-body interactions becomes
longer (1/〈∆ω〉 ∝ 1/a). Thus, the overall precession rate becomes
faster than 〈∆ω〉, and our decision to average all the other diffusion
coefficients over ω becomes more justified. We also note that aω is large
compared with the separation at which gravitational-wave emission
becomes important (cf. Equation 3.38d).
2. Additional terms that appear at 2PN order imply a slightly different
rate of apsidal precession but otherwise do not change the character
of the motion (Merritt, 2013, Section 4.5.2).
3. At order 2.5, the PN equations of motion become dissipative, repre-
senting the loss of energy and angular momentum due to gravitational















(Merritt, 2013, Eq. 4.234a). Ignoring for the moment the fact that e












We compare tGW with thard, the time for a to change due to three-body
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which occurs at the separation









Approximating H = 16 at all eccentricities (a good approximation,










































pc, e = 0.99. (2.109c)
Except in the case of extreme eccentricities, aGW  ahard.














(Merritt, 2013, Eq. 4.234b). As is well known, at high eccentricities
changes in a and e tend to leave the radius of apoapsis, rp = a(1− e),
nearly unchanged as the orbit decays, resulting in a more circular orbit
(Merritt, 2013, Eq. 4.237).
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So far we have ignored the possibility that one or both of the SBHs in
the binary might be spinning. We will continue to make that assumption
with regard to the equations of motion of the passing star. But since we
will later want to connect the binary orbit with the final spin of the merged
SBHs, it is relevant to ask how the spin directions are altered due to GR
effects before the merger occurs.
The spin angular momentum of a rotating SBH is




where 0 ≤ |χ| ≤ 1 is the dimensionless spin. The total (spin + orbital)
angular momentum, J , of the binary
J = S1 + S2 +L (2.112)
is constant; to lowest PN order, L is the Newtonian angular momentum of






The equations simplify in the case that only one of the two holes is spinning.





























These equations imply that L and S precess about the fixed vector J at the










and the magnitudes of both S and L remain fixed. If both holes are spin-
ning, J is still conserved; both spins precess about a vector ΩA which itself
precesses, leaving the two spin magnitudes constant, although S = S1 +S2
is not constant (Kidder, 1995).
In the regime considered so far in this chapter, L S1,2 and J ≈ L. In
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this regime, the two spins precess about the nearly-fixed angular momentum
vector of the binary and the latter is hardly affected by spin-orbit torques.








The binary separation at which the spin precession period equals the orbital




c2ρH(2η − 1) sin θ
]2/7













As we see, spin-orbit precession becomes important at roughly the same sep-
aration as apsidal precession (Eq. 2.103), and much earlier than the binary
enters the GW-dominated regime (Equation 3.38d). This means that in a
range of binary separations aSL & a & aGR the spin directions are already
changing due to spin-orbital effects, but the angular momentum evolution is
still due to 3-body interactions. Such an interplay between the effects of GR
and 3-body scattering has not been studied heretofore, and will likely be the
topic of my next project. The case a ∼ aSL, when S and L change on the
same timescale, looks especially interesting since that can potentially lead
to the binary being captured in one of the spin-orbit resonances identified
by Schnittman (2004).
2.7 Stellar capture or disruption
Stars that come sufficiently close to one of the SBHs can be tidally
disrupted or captured (i.e., continue inside the event horizon). Let r0 = Θ rg
be the distance from the center of a SBH at which capture or disruption
occurs. The value of Θ depends on the structure of the star; the mass
and spin of the SBH; and the star’s orbit at the moments preceding capture
(circular, radial etc.) (Merritt, 2013, Section 4.6). The distribution of closest
approaches to one of the binary components (for closely interacting stars)
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Figure 2.15: Fraction of stars that ended up being captured by one of the
(equal mass) black holes instead of escaping to infinity after interacting with
the binary. Capture radius was assumed to be r0 = 4rg = 4·GMc2 . Black dots:
v = 0.5vb, p = 0.6a..1a; red dots: v = 200 km/s, p = 0..
√
2GMa
v (rp = 0..a);
blue dots: the same as red dots, but without relativistic terms in equations
of motion (that would correspond to tidal disruption instead of capture).
Black and red lines correspond to κ = 3.1 and κ = 4.5, where κ is the ratio
of fraction of captured/disrupted stars to r0/a.
turns out to be approximately constant (dN ∼ dr, r = 0 . . . 0.5a), so we
expect that the fraction of captured stars (the stars that come close enough
to the binary’s orbit) is αr0/a ∼ αΘrg/a, where α is of the order of 1.
Figure 2.15 shows the fraction of captured stars in a set of scattering
experiments, assuming Θ = 4. We used the same ARCHAIN code, but with
post-Newtonian terms up to 2.5PN order included.
In the case of a binary SBH, even stars with large impact parameters can
approach arbitrarily closely to one of the SBHs, if their orbits carry them
within a distance ∼ a of the binary center of mass. This raises the question:
how much is the rate of capture by a binary SBH enhanced compared with
that of a single SBHof the same total mass?
Consider the inflow of unbound stars with a single velocity at infinity
v. In the case of a single SBH, captured stars have impact parameters less
than pcapt =
√
2GMr0/v (we assume that r0  a). Their total number per
unit time is
N1 = nv × πp2capt. (2.118)
In the case of a binary SBH, stars with impact parameters less than pclose =√
2GMa/v experience close encounters with the binary, and a fraction κr0/a
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of these are captured. The total number of captured stars per unit time in
this case is




The enhancement of stellar capture/TD events rate for a binary compared











Figure 2.15 shows that κ ≈ 3 . . . 5, so we should expect only a few times
increase of capture events rate. This result can be interpreted as follows:
binary’s effective capture radius (∼ a) is much larger than that for a single
SBH (∼ r0); but at the same time, only a small fraction of “effectively cap-
tured” (closely interacting with the binary) stars get close enough to one of
the binary components to get captured (almost all of them get ejected even-
tually rather than being captured). The fact that κ ∼ 1 means that these
two effects almost compensate each other (within an order of magnitude) so
that the total capture rate is the same within an order of magnitude.
However, all the above results were obtained in the assumption of infinite
homogenous stellar medium, which would correspond to a full loss cone
approximation. In the empty LC regime the number of stars entering the
loss cone is insensitive to its size – so that the small fraction of captured
stars among those within effective LC is not compensated by the larger
total number of LC stars, and the total capture rate for binaries should
actually be much lower than that for single SBHs. This a priori conclusion
is confirmed by the results of Chen et al. (2008, Fig. 10): for realistic
spherical galaxy models in a steady state (where the loss cone is empty for
both single and binary SBH) the capture rates are always a few orders of
magnitude lower for binaries. However, as was shown in Chen et al. (2011),
the disruption of initially existing bound cusp by a binary SBHresults in a
burst of capture/TD events with their peak rate of ∼ 10−1 yr−1, a few orders
of magnitude higher compared to the rates for single SBHs fed by two-body
relaxation (typically 10−4 to 10−5 yr−1). For a non-spherical galaxy with a
non-fixed stellar distribution, capture rate is somewhere between empty- and
full-LC values for both single and binary SBH (Vasiliev et al., 2015; Vasiliev,
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Figure 2.16: (a) Fraction of captured stars among the ones that have experi-
enced n close interactions with the binary (or revolutions around the binary,
measured as number of times when drstar/dt = 0) for r0/(0.5a) = 0.005,
v = 200 km/s; only the values for odd n are shown, because even n already
means that the star was captured. Horizontal line marks the overall fraction
of captured stars. (b) Total number of stars captured after n-th interaction;
parameter values are the same as in Figure 2.16.
2014) – so, considering what was said above about these two regimes, we
shouldn’t expect a significant increase in capture rate compared to a single
SBH for any galaxy.
Figure 2.16a shows the dependence between the fraction of captured
stars and the number of close interactions with the binary. We see that the
probability of being captured during a close interaction doesn’t show any
strong dependence on the number of interactions already experienced by
the star — just as one would expect assuming that the interaction between
the star and the binary takes place as series of close interactions that are
more or less independent from each other. Figure 2.16b shows the total
number of stars captured after n-th interaction; this dependence is well fit
by exponential decrease, which is, again, in agreement with aforementioned
assumption about the independence of interactions.
2.8 Solutions of the Fokker-Planck Equation
In this section, we use the analytic approximations to the diffusion co-
efficients derived in §2.5 to solve the Fokker-Planck equation describing the
evolution of the binary’s orbital elements. In §2.8.1 - §2.8.3 we consider a
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one-dimensional model, ignoring the evolution of any orbital elements other
than θ or a (effectively assuming e = 0). Then, in §2.8.4, we consider a more
realistic model that accounts for changes in θ, e and a, including effects due
to GR. It will turn out that the time dependence of θ in the latter model
can be substantially different than in the simplified model.
2.8.1 Steady-state orientation distribution















+ f sin θ
)]
, (2.121)
which describes changes only in the binary’s orientation; changes in semima-
jor axis are incorporated into the dependence of τ on time. Note that both



















+ f sin θ
)
= constant. (2.123)
The left hand side of Equation (2.123) is zero for θ = 0 and θ = π, thus the




+ f sin θ = 0. (2.124)
The solution is






This distribution peaks at θ = 0 and declines exponentially for increasing θ.








1− e2(2η − 1)
.
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Thus α  1 for almost all reasonable parameter values, and the steady
state distribution is substantially non-zero only for small θ. Approximating
cos θ ≈ 1− θ2/2,







In this approximation, the expectation value of θ in the steady state is
θ0 =
∫ π
0 θ f0(θ) sin θdθ∫ π





















(1− e2)−1/4(2η − 1)−1/2q1/4. (2.127)
2.8.2 Analytical results for a Fokker-Planck equation in the
small-noise limit












and construct approximate solutions in the limit of small diffusion term
D. In this limit, the time evolution of the system is mainly determined
by the deterministic trajectory that corresponds to D = 0. Without loss
of generality, D is assumed constant; if it is not, it can always be made
constant using the technique described in Risken (1989, chapter 5.1). We





[K(x)f(x, t)] . (2.129)
The corresponding deterministic equation for the position x(t) of the system
is easily shown to be
ẋ(t) = K(x). (2.130)
Let x(t) be the solution of this equation. We expand the actual (stochastic)
trajectory x(t), in the presence of weak fluctuations, around the determin-
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write










It is shown in Lutz (2005) that
d〈y〉
dt
= K ′ (x(t)) , (2.133a)
dσ2y
dt
= 2K ′ (x(t))σ2y + 2. (2.133b)
To solve these differential equations, we need to set initial conditions for 〈y〉
and σ2y . They can be expressed through the initial conditions for 〈x〉 and σ2x
using Equations (2.132). But first we should specify the initial condition for
the deterministic trajectory x(t). A natural choice is 〈x〉(0) = x(0), which
means





Equations (2.133) have solutions of general form
















K(t) ≡ K(x(t)). (2.135c)
Together with initial conditions (2.134), these yield
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Finally, in terms of the original variable x,
















2.8.3 Evolution of the orientation
Next we consider time-dependent solutions of the θ evolution equation
(2.121). As we will see in §2.8.4, the predictions of such a simplified model
are valid only for a binary that is nearly circular, and in the regime where GR
effects are negligible. Nevertheless, the model is worth considering because
it allows us to derive analytic approximations for the mean and variance of
θ and their dependence on time.










(Df sin θ), (2.138a)
K(θ) = − sin θ + α cot θ, (2.138b)
D = 2α. (2.138c)
Since α 1, we can apply the results of §2.8.2:
θ(τ) = arccos[β tanh[β(τ + τ0)]− α], (2.139a)
β ≡
√

































We assume a Gaussian distribution for the initial conditions:








Chapter 2. BSBH dynamics
Figure 2.17: Distribution function f(θ, τ) sin θ for τ = 0, 1, 2, 3, 4, 6 found
from numerical solution of Eq. (2.121) with α = 0.01; smaller mean values
of θ correspond to later times. The steady-state distribution (f(θ, τ) at
τ →∞) is almost indistinguishable from f(θ, 6).
and we set the mean θ0 = 5π/6 and the variance σθ,0 = 0.03. Equa-
tion (2.121) was then solved numerically, setting α = 0.01, and the results
were compared with the predictions of the approximate theory (Eq. 2.139);
such a value of α is unrealistically high, but we chose it so that the second-
order effects would be appreciable. Distribution functions f(θ) at different
times are shown in Figure 2.17. Comparison with the analytic approxima-
tions (for the first two moments of the distribution) is shown in Figure 2.18.
We see that even for such a large value of the small parameter
√
D ≈ 0.14
the approximation is very good.
Our results are in good agreement with the N -body simulations of Gua-
landris et al. (2012) and Cui & Yu (2014), who also found that reorientation
of a binary’s angular momentum vector always proceeds in the direction of
alignment with the stellar angular momentum no matter what the initial
conditions. The results of Wang et al. (2014) are seemingly in contradiction
with ours: in some of their N -body simulations the binary, which is initially
corotating (θ = 0), ends up counterrotating. However, most of the dramatic
changes in angular momentum recorded by them take place in the early,
“unbound” phase of dynamical evolution, when our model does not apply.
After the binary components become bound, the orientation changes are
consistent with our results if we take into account their low assumed degree
of nuclear rotation (as shown in Figure 8 of Wang et al. (2014), the numbers
of stars with Lz > 0 and Lz < 0 are almost equal).
We now convert the expressions (2.139) into functions of the actual time
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Figure 2.18: Upper panels show the time dependence of the mean (left)
or variance (right) of θ, computed numerically from Eq. (2.121) (black)
and analytically from Eq. (2.139) (red). Lower panels show the difference
between numerical and analytic solutions.
t. As was shown in §2.5, both our drift and diffusion coefficients depend on
time in the same way: in the case of a sufficiently hard binary,


































Then, ignoring small terms of order α or smaller and using Equation (2.88a),

















The dimensionless coefficient Dθ,1/H is the typical binary reorientation in
one hardening time (Eq. 2.95). It can vary depending on the parameters of
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Figure 2.19: Evolution of binary inclination θ for Dθ,1/H = 1/3 (solid lines)
and Dθ,1/H = 1 (dashed lines) with different initial values of θ. Time is in
units of the initial hardening time.
the system; for a hard, equal-mass, circular binary in a maximally corotating
nucleus Dθ,1 ≈ 5 (about the maximum Dθ,1 possible for a circular or mildly
eccentric binary), so Dθ,1/H ≈ 1/3. For eccentric binaries it can be much
higher: if we ignore the mild dependence ofH on eccentricity, thenDθ,1/H =
1 for e ≈ 0.85.
Figure 2.19 shows θ(t) for these two values of Dθ,1/H and different initial
θ0 (the eccentricity evolution is ignored). We see that the reorientation rate
declines rapidly after a few hardening times, so that the full reorientation
(θ  1) is likely not to be reached even after tens of hardening times. This
gradual reorientation is not surprising if we recall that the energy transfer
per one close encounter with a star is proportional to the binary’s energy,
δE ∼ 1/a (Merritt, 2013, chapter 8), while the angular momentum transfer
per encounter is proportional to the binary’s angular momentum, δl ∼ lb, so
the inclination change per encounter ∼ δl/lb is independent of a — it doesn’t
grow with hardening and, unlike energy transfer, doesn’t compensate for the
lowered encounter rate.
This phenomenon is another possible explanation for θ stalling at sig-
nificantly nonzero value observed by Gualandris et al. (2012), apart from
the loss cone depletion proposed in their paper. Their observed reorienta-
tion would correspond to Dθ,1/H somewhere between 1/2 and 1, which is
consistent with the binary initially being eccentric in their simulations.
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2.8.4 Joint evolution of a, θ and e
In previous sections we derived analytical approximations to the first-
order diffusion coefficients in a, θ and e. We also showed that in a strongly
rotating nucleus, the effects of the second-order coefficients are relatively
small. And as demonstrated in §2.8.2, if the second-order coefficients are
neglected, the evolution equations can be approximated as deterministic
equations for the evolution of the average quantities, disregarding the exact
form of the distribution function (which is assumed to always remain close
















































We have included the terms that describe orbital shrinking (Eq. 2.105) and
circularization (Eq. 2.110) due to GW emission (§2.6). When solving these
equations, we will assume the initial semimajor axis a(0) = ah, which allows
us to approximate the binary hardening rate as H = const. It is convenient
to define a dimensionless time, expressed in initial hardening time units
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Since a < ah, we can use the analytic approximations to K and Dθ,1 derived






































Equations (2.147) comprise a closed system of ordinary differential equations
which we can solve given initial values of e and θ (assuming a(0) = ah). Since
these equations include terms describing the effects of GR, they are valid






















In what follows, we are going to consider ah/a ≤ 103, which is well below the
limit given by Equation (2.148), so the condition a rg is always satisfied.
We also know from §2.6 that effects due to GR become important when
a . aGR, where
aGR
ah
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To eliminate ρ from this equation, we use an expression from Vasiliev et al.






























and Equation (2.150b) becomes
aGR
ah






Solutions to Equations (2.147) are shown in Figures 2.20, 2.21 and 2.22
for η = 1, 0.8 and 0.6 respectively; θ and 1 − e are plotted vs. ah/a. Since
a(t) is always a decreasing function of time, ah/a(t) can be used as a dimen-
sionless proxy for time. As expected, the reorientation always proceeds in
the direction θ → 0, but at a much faster rate for highly eccentric binaries.
Because of that, and because of the rapid eccentricity increase for counter-
rotating binaries, binaries with initial θ close to π (e. g. θ = 5π/6) may end
up more nearly corotating than those with lower initial θ; this can be see in
Figure 2.20 as well as Figure 3 of Gualandris et al. (2012).
When the binary enters the GW regime (a = aGR given by Eq. 2.108 or
2.153) it may seem that θ (plotted vs. ah/a) has stopped changing. The
reason is that da/dt increases dramatically so that dθ/da→ 0.
The eccentricity is either always decreasing with time if the binary is
initially corotating or, if it is counterrotating, it increases at first, but then
reaches its maximum when θ ≈ π/2 or the binary enters the GW regime
(whichever happens first), and then decreases to zero. Of particular impor-
tance is the eccentricity at the moment when the binary enters the GW-
dominated regime, eGR, since it determines aGR/ah and hence the coales-
cence timescale; also, as we show in Chapter 3, the higher eGR for a pop-
ulation of binaries, the more their stochastic GW background spectrum is
attenuated compared to that for circular binaries. The border between the
GW-dominated and the stellar-encounter dominated regimes is plotted as
the red curve on Figures 2.20-2.23, so that the binary’s trajectory in (a, e)
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space crosses this line at (eGR, aGR). The defining equation for that red
curve is a = aGR(e), or, if we take the definition of aGR from Eq. (2.153),
a
ah






The quantity eGR generally increases as we decrease η from 1 to 1/2 as both
reorientation and circularization become less pronounced (compare Figures
2.20 and 2.22). This trend can be seen more clearly in Figure 2.24 which
shows eGR for all possible combinations of the initial parameters (e0, θ0).
One other noteworthy detail is that for η & 0.8 there exists a certain “crit-
ical” value of θ0 at which eGR dramatically increases above ∼ 0.99. This
happens due to the strong effect of eccentricity increase for counterrotating
binaries (large K at η ∼ 1 and θ ∼ π) that is normally cancelled by quick
reorientation except for this case of almost exactly counterrotating binaries
when reorientation is slow enough (dθ/dt ∝ sin θ).
2.8.5 Loss-cone depletion
So far we have assumed that the distribution of stars in the nucleus is
unchanging. But in real galaxies, only a finite number of stars are on orbits
that carry them close to the massive binary, and the ejection of such stars
leads to a gradual “loss-cone depletion”. In a precisely spherical galaxy,
the number of stars on orbits that intersect the binary will be small; if
in addition the two-body relaxation time is long, repopulation of depleted
orbits would be extremely slow, and the binary separation would be expected
to “stall” at a separation a ∼ ah (Merritt, 2013, chapter 8). But rates of
loss-cone repopulation can be much higher in nonspherical galaxies, due
to the combined effects of gravitational encounters, and changes in orbital
eccentricity due to torques from the large-scale potential (Merritt & Vasiliev,
2011).
Vasiliev et al. (2015) studied this phenomenon quantitatively using a
Monte-Carlo technique that properly accounts for dynamical relaxation even
when the number of particles in a simulation is much lower than in a real
galaxy. Vasiliev et al. suggested the following expressions for the binary
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Figure 2.20: Evolution of orbital inclination θ and eccentricity e of a binary
with M12 = 10
8M and q = 1 in a maximally corotating nucleus (η = 1),
according to Equations (2.147) and (2.153). Different line styles correspond
to different initial values of θ. The initial eccentricity is (a) 0.1, (b) 0.5, (c)
0.9. The red curve separates the regimes where the hardening of the binary
is dominated by stellar encounters (to the left) and GW emission (to the
right); its equation is a = aGR (see Eq. 2.153). Note the use of a different
scale for different plots.
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Figure 2.21: The same as Figure 2.20 but for η = 0.8.
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Figure 2.22: The same as Figure 2.20 but for η = 0.6.
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Figure 2.23: The same as Figure 2.20 but for a nonrotating nucleus (η = 0.5)
and initial eccentricities 0.1, 0.3, 0.5, 0.7 and 0.9. The evolution of θ is not
shown because θ = const.
Figure 2.24: Contour plots of eGR (Eq. 2.154) in the (e0, θ0) plane (initial
eccentricity and initial inclination at a/ah = 1) for M12 = 10
8M, q = 1
and four different corotation fractions.
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k = 0.4, α = 0.3 for triaxial nuclei, (2.155b)
k = (N?/10
5)−1/2, α = 0 for axisymmetric nuclei, (2.155c)
k = (N?/10
5)−1, α = 0 for spherical nuclei. (2.155d)
In these expressions, N? is the number of stars in the galaxy and (da/dt)full
is the hardening rate calculated under the “full-loss-cone” assumption – the
same expression that we have been using until now. Vasiliev et al. (2015)
studied only the hardening rate, but since all of our diffusion coefficients are
proportional to the stellar encounter rate, it is reasonable to assume that
their dependence on galaxy morphology is the same as for the hardening
rate. In so doing, we ignore the possibility that loss-cone depletion has
a systematic effect on the change in any orbital parameter per encounter;
such an assumption is justified considering the chaotic nature of a binary-
star interaction where the final velocity and orbital angular momentum of
a star are weakly correlated with their initial values.
The N?-dependence in Equations (2.155c,d) reflects the fact that in the
spherical and axisymmetric geometries, conservation of angular momentum
(spherical symmetry) or its component along the symmetry axis (axisymme-
try) fixes the minimum periapsis distance accessible to a star. Once all the
stars on an orbit with given periapsis have been removed, continued supply
of stars to the binary is only possible after new stars have been scattered
onto the orbit by gravitational encounters, at rates that are N?−dependent.
In triaxial galaxies, much of the phase space corresponds to orbits with no
minimum periapsis; the time for a star on such an orbit to reach the binary
depends much more on torques from the large-scale mass distribution than
on two-body relaxation, hence the lack of an appreciable N? dependence in
the expression for the “triaxial” hardening rate.
Applying the corrections implied by Equations (2.155) to Equations (2.146),
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where H, K, Dθ,1, ah and aGR,0 are the same as before.
Some illustrative solutions to these equations are shown in Figure 2.25
(with a/ah as a proxy for time) and Figure 2.26 (in physical time units).
Galaxy geometry can have an enormous influence on the coalescence timescale.
The latter is comparable to the full-loss-cone case for triaxial galaxies; 1-2
orders of magnitude longer in the axisymmetric geometry; and extremely
long (longer than the Hubble time) for spherical galaxies. At the same time,
lower hardening rates for these three “depleted loss cone” models mean that
binaries enter the GW-dominated regime earlier and eGR for them is higher
than determined by Equation (2.154). A more detailed analysis of coales-
cence timescales in different geometries is done in Chapter 3.
2.9 Conclusions
We derived a Fokker-Planck equation describing the evolution of the or-
bital elements of a binary supermassive black hole (SBH) due to interacting
stars, and applied it to the case of a binary in a rotating stellar nucleus.
First- and second-order diffusion coefficients for the binary’s orbital param-
eters (a, e, i,Ω, ω) were calculated by means of scattering experiments. Ex-
cepting the case of a nucleus with very low rotation, the first-order (drift)
terms almost always dominate over the second-order (stochastic) terms due
to large ratio between the mass of a single star and the binary SBH. In par-
ticular, changes in the binary’s orbital inclination (with respect to the axis
of rotation of the nucleus) are almost always determined by the drift term,
which is always negative, i. e. the inclination tends to decrease, toward a
configuration in which the binary’s angular momentum is aligned with that
of the nucleus. The first-order coefficient describing changes in eccentric-
ity was found to depend strongly on inclination: eccentricity decreases for
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η = �



































































Figure 2.25: Evolution of orbital inclination θ and eccentricity e of a binary
with M12 = 10
8M, q = 1, e0 = 0.5 and θ = 5π/6 at different degrees
of corotation, integrated using Equations (2.155) and (2.156) for triaxial
(dashed), axisymmetric (dotted) and spherical (dot-dashed) galaxies as well
as in the full-loss-cone approximation (solid).
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Figure 2.26: Time dependence of orbital parameters of a binary with
M12 = 10
8M, q = 1, e0 = 0.5 and θ = 5π/6 at different degrees of coro-
tation, integrated using Equations (2.155) and (2.156) for triaxial (dashed),
axisymmetric (dotted) and spherical (dot-dashed) galaxies as well as in the
full-loss-cone approximation (solid).
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co-rotating binaries and increases for counterrotating ones. The inclination
drift term, in turn, is an increasing function of binary eccentricity, so that
evolution of the eccentricity and inclination are interdependent. These re-
sults are in agreement with previous numerical studies (Gualandris et al.,
2012; Sesana et al., 2011).
Invoking the smallness of the second-order terms, we derived a system
of deterministic differential equations that describe the time evolution of
a binary’s eccentricity, e, and inclination, θ. Included were the effects of
gravitational wave emission, which become important for small semimajor
axis and/or large eccentricity. Eccentricity evolution was found to depend
strongly on the initial θ. For initially co-rotating binaries (θ0 . π/2), the
eccentricity decreases to zero fairly quickly, while for counterrotating bina-
ries (θ0 & π/2), e increases initially but then decreases due either to binary
reorientation or to the effects of GW emission. Counterrotating binaries
can reach high eccentricities (e > 0.9), but in nuclei with a high degree of
rotation, eccentricity decreases again to low values due to fast reorientation,
so that the binary enters the final, GW-dominated, stage of its evolution
with an almost circular orbit.
We were able to take into account, in an approximate way, depletion of
the binary’s “loss-cone” by rescaling the diffusion coefficients according to
the results of Vasiliev et al. (2015), who derived expressions for the rate of
loss-cone repopulation in galaxies with various geometries. The main result
of this correction was found to be a longer evolution timescale compared with
the full-loss-cone approximation: a few times longer for triaxial nuclei, about
two orders of magnitude longer for axisymmetric nuclei, and many orders
of magnitude longer (typically, longer than the Hubble time) for spherically
symmetric nuclei. Another consequence is that the transition to the GW-
dominated regime happens at larger semimajor axes.
One of the important applications of our work is to the production of
GWs by binary SBHs, and the generation of a stochastic GW background
by a population of massive binaries. In the low-frequency regime accessible
to pulsar timing arrays (PTAs), much of the signal would be produced by
binaries at large separations, where the main source of evolution is likely to
be interaction with ambient stars (e.g. Sesana, 2013). Evolution of binary
eccentricity is of crucial importance: circular-orbit binaries emit GWs at
only one frequency – twice the orbital frequency – while eccentric binaries
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radiate at all harmonics (Peters & Mathews, 1963). As we have shown,
eccentricity of the binary in the GW-dominated regime is determined by
the initial values (e0, θ0) of e and θ and by the degree of nuclear rotation
(η). We would therefore expect GW emission to be strongly affected by those
parameters as well. Upper limits inferred from the lack of detection by PTA
observations have already excluded some of models of binary SBH evolution
(Shannon et al., 2015). Existing models include neither the effects of nuclear
rotation, nor loss-cone depletion. It is therefore important to calculate the
stochastic background spectrum for different assumed distributions of e0,
θ0 and η and to test which are consistent with current (or possible future)
observational limits. These questions are addressed in detail in Chapter 3.
Not just the eccentricity evolution, but the orbital plane reorientation
itself may also have significant observational implications. It was shown in
post-Newtonian numerical simulations (Gergely & Biermann, 2009; Kesden
et al., 2010; Merritt & Ekers, 2002) that the spin direction of the coales-
cence product of two black holes is usually in the same direction as their
orbital angular momentum at the beginning of GW-driven phase, except in
the case where the binary mass ratio is extreme and the spin of the primary
SBH is almost exactly counter-aligned with the orbital angular momentum.
And as the spin direction, in turn, is believed to define the jet direction
in active galactic nuclei, we infer that in rotating nuclei, the jet should be
preferentially aligned with the stellar rotation axis. There is, indeed, some
observational evidence for that: Battye & Browne (2009) found preferential
alignment of major radio and minor optical axes in relatively radio-quiet
galaxies (which they identify with fast-rotating axisymmetric ellipticals) and
the absence of such alignment in more radio-loud galaxies (which they iden-
tify with slowly rotating triaxial ellipticals). Middleton et al. (2016) found
a similar bimodality in accretion disk orientations. Lagos et al. (2011) stud-
ied the orientation angles of Type I and II AGN hosts, and their results
also imply significant alignment between AGN components (torus and ac-
cretion disk) and galaxy rotation axes. However, a number of other studies
have failed to find strong evidence for the aforementioned correlations (e.
g. Gallimore et al., 2006; Kinney et al., 2000). All these results should be
interpreted carefully since it is possible for SBH spin directions to change
due to accretion of gas having angular momentum that is misaligned with





Pulsar timing arrays (PTAs; Foster & Backer, 1990) are designed to de-
tect the low-frequency (∼nHz) gravitational wave (GW) background that
would be generated by a population of binary supermassive black holes
(SBHs). In the simplest model – a cosmologically homogeneous and isotropic
population of massive binaries on circular orbits, which evolve solely due to
GW emission – the characteristic strain of the GW-induced distortions has







where fyr ≡ 1/yr. The corresponding energy density per unit logarith-
mic frequency, expressed in terms of the cosmological critical density ρc =










where H0 ≈ 7.2 × 10−11 yr−1 is the Hubble constant. The parameter Ayr,
the predicted strain at a frequency of one inverse year, depends in a possi-
bly complicated way on the astrophysical parameters that characterize the
binary population, including the mass function of SBHs; the distribution of
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binary mass ratios; the galaxy merger rate; and the rate at which binaries
attain separations small enough (. 10−2 pc) that GW emission can domi-
nate their evolution. Theoretical estimates of Ayr typically lie in the range
∼ 10−15− 10−14 (McWilliams et al., 2014; Ravi et al., 2014; Sesana, 2013a).
Detection of GWs in this frequency regime would provide robust evidence for
the existence of binary SBHs and would allow the astrophysical parameters
that determine the frequency spectrum to be constrained (Sesana, 2013b).
The peak sensitivity of a PTA occurs at a frequency that is roughly the
inverse of the time over which pulsar timing data has been collected (Cordes,
2013). That time is now roughly one decade. At these lower frequencies,
f  fyr, the characteristic strain is expected to differ from the prediction
of Eq. (3.1). The semimajor axis of a binary SBH with orbital period P is








withM12 = M1+M2 the mass of the binary. At separations corresponding to
orbital frequencies less than ∼ (10 yr)−1, i.e. a & 10−2 pc, a massive binary
is expected to evolve primarily via interactions with ambient stars and gas
in the galactic nucleus rather than by GW emission (Merritt, 2013, chapter
8). Furthermore there is no compelling reason why binaries at these large
separations should be on circular orbits; it is only at smaller separations that
GW emission becomes effective at reducing eccentricities. Both considera-
tions would predict a reduction in hc below a certain frequency, compared
with Eq. (3.1). Sampson et al. (2015) suggested a simple parametrization








A = Ayr [1 + (fbend/fyr)
κ]1/2 (3.4b)
where fbend is understood as the orbital frequency below which environmen-
tal interactions dominate the binary’s evolution and κ is determined by the
type of interaction; in the case of stellar scattering considered in this work,
κ = 10/3. Simple evolutionary models suggest fbend ≈ 10−9 Hz (Sesana,
2013b), a frequency regime that is beginning to be probed by PTAs.
Analysis of pulsar timing data by three groups has so far succeeded in
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placing only upper limits on Ayr: 3.0× 10−15 (EPTA, Lentati et al., 2015);
1.0 × 10−15 (PPTA, Shannon et al., 2015); and 1.5 × 10−15 (NANOGrav,
Arzoumanian et al., 2016). These values are generally interpreted as being
“in tension with” the predictions of some theoretical models; for instance,
McWilliams et al. (2014) predict Ayr ≈ 10−14.5. According to Shannon et
al. (2015, Table S8), even the models with the lowest predicted Ayr (Sesana
(2013a) and Ravi et al. (2014)) have only 9% and 21% probability, respec-
tively, of being consistent with the limit derived from their observations.
In the present work we present a new calculation of hc(f). Our treatment
differs in three important ways from previous ones.
1. Binary hardening rates. The “final-parsec problem” (Milosavljević &
Merritt, 2003) refers to the possibility that massive binaries might stall at
separations much greater than required for the emission of detectable GWs.
Here we make use of recent work (Vasiliev et al., 2014, 2015) which shows
that even in “collisionless” (gas-free, long-relaxation-time) nuclei, like those
of massive galaxies, a modest departure from exact axisymmetry is sufficient
to keep a massive binary shrinking. In such a nucleus, the binary hardening
rate decreases with time, but interactions with stars are nevertheless able
to drive the binary to coalescence on a timescale of order 1 Gyr or less.
In an accurately axisymmetric nucleus, hardening rates are low enough that
coalescence is not likely in a Hubble time, but a binary can still enter into the
PTA frequency regime. Guided by the observations, we characterize high-
luminosity bulges as triaxial and low-luminosity bulges as axisymmetric,
then use the expressions derived in the cited papers to compute binary
hardening rates for the different galaxy populations.
2. Eccentricity evolution. In the regime where binary hardening is driven
by interaction with stars, as opposed to GW emission, eccentricity evolution
has been shown to be modest, at least in spherical nonrotating nuclei (Quin-
lan, 1996). On this basis, most discussion of the stochastic GW spectrum
have assumed zero eccentricities. The situation can be very different in the
case of nuclei with significant rotation, particularly if the angular momen-
tum of the massive binary is initially misaligned with that of the nucleus
(Chapter 2). Given such initial conditions, the binary’s orbital plane rotates
to bring its angular momentum vector more in alignment with the nuclear
rotation axis, and the binary’s eccentricity simultaneously increases, some-
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times to very large values (e > 0.9). As the binary aligns fully with the
nucleus, its eccentricity returns again to lower values. Our models are the
first to include these additional degrees of freedom.
3. SBH demographics. Arzoumanian et al. (2016) adopted prior proba-
bility distributions for Ayr from the modeling studies of Sesana (2013a, S13)
and McWilliams et al. (2014, MOP) and used them to infer posterior distri-
butions of the parameters A, fbend and κ in Eq. (3.4). MOP assumed a mean
ratio of SBH mass to bulge mass of ∼ 0.003, and they further augmented
the SBH mass function to account for a putative population of “overmas-
sive” SBHs in giant galaxies. The resulting estimate of Ayr ≈ 10−14.4 was
found by Arzoumanian et al. to be difficult to reconcile with the PTA
data. In order to limit the predicted contribution at low frequencies, a value
fbend & 10−8 Hz was required, substantially larger than the value expected
physically unless nuclear densities in giant galaxies exceed ∼ 10−3Mpc−3.
This possibility was judged unlikely by Arzoumanian et al., and those au-
thors suggested that the MOP prior might be in error (too large), either
because binary SBHs typically stall at separations outside the PTA band,
or because the characterization adopted by MOP for the parent population
of SBHs was somehow incorrect. Shannon et al. (2015) reached a similar
conclusion. We argue in fact that both S13 and MOP substantially overes-
timated the mean ratio of SBH mass to bulge mass. A more conservative
(in the sense of being based on more compelling data) estimate of this ratio
is 0.001 which is the fiducial value we adopt here.
The last of these assumptions is most important at setting the predicted
amplitude of hc(f) at frequencies that lie in the current range of PTA sen-
sitivity. Our models have Ayr < 10
−15, a factor of at least two lower than in
most other recent calculations of hc(f) (McWilliams et al., 2014; Ravi et al.,
2014; Sesana, 2013a). Although we make no attempt to model the PTA data
in the manner of Arzoumanian et al. (2016) or Shannon et al. (2015), such
a low value for Ayr would presumably (1) be consistent with a physically
more plausible range of parameters {A, fbend, κ} in Eq. (3.4); (2) remove
the “tension” between the non-detection of a stochastic GW signal by the
various groups and the predictions of MOP; and (3) unfortunately, imply
that a PTA detection of the stochastic GW background from inspiralling
SBHs is not likely to occur in the immediate future.
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Our physical model for the formation and evolution of massive binaries
is presented in §3.2; this section also includes the derivation of a formula
for hc(f) that, for the first time, allows for any possible functional form of
the time-dependence of the binary hardening rate. §3.3 presents estimates
of the characteristic strain spectrum and its dependence on the parameters
that define the initial population of binaries and their host galaxies. §3.4
sums up and discusses the implications of our results for the detection of
isotropic gravitational wave background via PTAs.
3.2 Method
We assume that shortly after two galaxies merge, the two SBHs form a
“hard binary”1 at the center of the merger product. The components of the
binary have masses M1 and M2; M12 = M1 +M2, µ12 = M1M2/ (M1 +M2)
is the binary’s reduced mass and q ≡ M2/M1 ≤ 1 its mass ratio (or Q =
µ/M12 = q/(1 + q)
2 its symmetric mass ratio). The initial semimajor axis





































where rh ≡ GM12/σ2 is the binary’s gravitational influence radius. For
reasonable values of the parameters in Eq. (3.6), this frequency is below the
limit detectable by PTAs and so we ignore the contribution of binaries with
a > ah to the GW background. In what follows, we identify the galaxy
merger rate with the rate of formation of binaries having a = ah.
1Defined as a binary that ejects passing stars at typical velocities greater than the
escape velocity from the nucleus (Heggie, 1975).
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3.2.1 Gravitational wave background from a population of
massive binaries
Consider the set of binaries that form, at any cosmological time, but with
the same values of {M1,M2,L}, where L2 = GM12ah(1 − e2) and e is the
binary’s eccentricity at formation (a = ah). After formation, the separation
evolves as a = a(t), th ≤ t ≤ tc where th is the formation time and tc is the
time at which the two SBHs coalesce. Define N(a, t)da to be the number of
binaries from this set, per unit comoving volume, that have separations in
the interval a to a+ da at time t (N can also depend on M1,M2,L and the













N(a, t) da =
Ṅm(th)∣∣ .a(a)∣∣ da (3.8)
with Ṅ the galaxy merger rate:
Ṅm(th) ≡ −N(ah, th)
.
a(ah) (3.9)
i.e. the rate, per comoving volume, at which galaxies are merging at time th
(we neglect the time it takes for a binary to become hard after the galaxy
merger).
By analogy with Ravi et al. (2014), the specific intensity of GWs at the
Earth from binaries with semimajor axes between a and a+ da at redshifts










where f is the observed GW frequency, fr = (1 + z)f is the rest-frame
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g(n, e) δ(fr − nforb), (3.11a)






























is the GW luminosity per unit rest-frame frequency of a binary with semima-
jor axis a and eccentricity e (which is determined by a since we are assuming







is the comoving volume per unit z. Eq. (3.11) is taken from Peters & Math-
ews (1963).



























L(fr, a)N(a, tr)da (3.13c)
100
Chapter 3. GW background













H0 = 67.7 km/s/Mpc, ΩM = 0.31, ΩΛ = 0.69 (3.14c)
is the proper time. Substituting the expressions (3.8) for N(a, tr) and (3.11)






x(t0) = 0, (3.15b)






















where th(a, tr) is the formation time of a binary that has semimajor axis a at
time tr, and an is the binary semimajor axis at which the orbital frequency is
















































Ṅm(th(an, tr))∣∣ .a(an)∣∣ (3.19)








and Sh as the hardening rate in full loss-cone approximation (one that would
occur if the distribution of stars in phase space were not affected by the pres-
ence of the binary; see Eq. 3.39 and 3.42). The initial hardening timescale
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where zh(a, z) is the formation redshift of a binary which has semimajor axis
a at redshift z.








































(The second equation is the M − σ relation, as given below in Eq. 3.41).
We now relax our assumption of a single set of values {M12, q, e0} and gen-
eralize Eq. (3.26) to consider a population of binaries with different initial
parameters. Furthermore we add two parameters related to nuclear rota-
tion: θ0, the binary’s initial inclination, and η, a parameter that determines
the degree of ordered rotation of a nucleus; both parameters are defined
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and discussed in more detail in §3.2.4. We redefine the merger rate as the
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Note our additional assumption that host galaxy properties, such as σ, are
calculated from M12. The characteristic strain, hc(f), is given in terms of
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In what follows, we adopt the following limits on the integrals that ap-
pear in Eq. (3.28): zmax = 3, qmin = 1/10, M12,min = 10
6M, M12,max =
1010M. As Fig. 3.1 shows, in this way, we account for more than 95% of
the total signal.
3.2.2 Galaxy merger rate
Galaxy merger rates are customarily expressed “per galaxy”, i.e., Ṅmergers(Mgal, z)
is the rate at which a “primary” galaxy, of mass Mgal, experiences merg-
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Figure 3.1: Fraction of the total GW strain at f = 1yr−1 contributed by
massive binaries with (a) z < zmax, (b) M12 > M12,min, (c) q > qmin or
(d) M12 < M12,max. If not otherwise specified, zmax = 4, qmin = 1/100,
M12,min = 10
6M and M12,max = 1010M. Plots assume circular-orbit
binaries and SBH-bulge mass ratio β = 0.001 (straight lines) or β = 0.003
(dashed lines); for (a) and (c) both lines look identical.
ers with other galaxies at redshift z. We convert such an expression into
the merger rate per unit galaxy mass, per unit mass ratio, by multiplying
it by (i) the galaxy mass function at a given redshift φ(Mgal, z); and (ii)
the distribution of galaxy mass ratios qgal, which we assume to be ∝ 1/qgal
following Lopez-Sanjuan et al. (2012) and Sesana (2013a):










F(e0, θ0, η) dq dM12 de0 dθ0. (3.29)
Here qlim is the minimum mass ratio selected in counting galaxy pairs and
F(e0, θ0, η) is the joint distribution of binary initial parameters e0, θ0 and
of η. Unfortunately, little is known about F . With regard to its dependence
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on M12, q and z, we take a “maximally-uninformed” stance and posit no
dependence.
In what follows, we consider the following possibilities for the dependence






F(e0, θ0, η) dθ0 de0 dη = 1.
1. e0, θ0 and η are the same for all binaries:
F dθ0 de0 dη = δ(e0 − e0,1) δ(θ0 − θ0,1) δ(η − η1) de0 dθ0 dη.(3.30)
This includes the simplest case in which all binaries are initially cir-
cular, e0,1 = 0; in this special case, the distributions over θ0 and η do
not matter because a circular binary remains circular in the course of
its evolution.
2. e0 has a “thermal” distribution, dN/de0 = 2e0, and the binary is
either corotating from the beginning (θ0 = 0) or its orbital plane has
no preferred initial direction:
F dθ0 de0 = F1(η) · 2e0 de0 δ(θ0) dθ0, or (3.31a)
F dθ0 de0 = F1(η) · e0 de0 sin θ0 dθ0. (3.31b)
The functional form of F1(η) is discussed in Section 3.2.4.
For the galaxy (stellar) mass function φ(Mgal, z), we adopt the analytic
expressions of Thanjavur et al. (2016) (Schechter fit) for z ≤ 0.2 and Ilbert et
al. (2013) (double Schechter fit) for z > 0.2. With the possible exception of
the highest galaxy masses, both expressions agree well with determinations
by other groups (see Fig. 7 in Thanjavur et al. (2016) and Fig. 6 in Tomczak
et al. (2014)). The galaxy merger rate and the relation between galaxy mass
and SBH mass we use are discussed in the next two subsections.
As for the merger rate per galaxy, we adopt the analytic expression of
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Xu et al. (2012) obtained this expression by dividing their observed galaxy
pair fraction by the average major merger timescale (∼ 300 Myr) taken
from Lotz et al. (2010a), who performed hydrodynamical simulations of
disk galaxy mergers for a number of different masses, mass ratios and initial
orbits.2
Given that the galaxy merger process is very complicated, there are
undoubtedly many uncertain factors that influence the merger rate, both
through the (observed) pair fraction and the (simulated) merger timescales.
As shown in Figure 15 of Robotham et al. (2014), the pair-fraction estimates
of Xu et al. (2012) are consistent with the average value of the other studies,
although a factor of ∼ 2 discrepancy between different papers exists. Some
of these discrepancies might be caused by differences in photometric com-
pleteness levels and blending issues in different wavebands used to identify
mergers (Rawat et al., 2008).
As noted above, we equate the galaxy merger rate, Eqs. (3.29) and
(3.32), with the rate at which “hard” SBH binaries are forming – in other
words, we have ignored the time for two SBHs to reach the center of the
merger remnant. As shown by Merritt (2000) and Dosopoulou & Antonini
(2017), this time can indeed be long for very low mass ratios q and qgal,
approaching the Hubble time for q . 10−3. However, for binaries of any
mass with q > 0.1 (which contribute almost all of the GW background, see
Fig. 3.1c) this time is always shorter than 100 Myr and can be ignored.
The merger timescales from Lotz et al. (2010a) are actually “observabil-
ity timescales” – the total amount of time a merging pair of galaxies spends
at a certain observable merger stage; for example, in the case of Xu et al.
(2012) the observability criterion is a projected separation between 5 and 20
h−1 kpc, and the timescales from Lotz et al. (2010a) are chosen accordingly.
This way, the uncertainty in the definitions of the beginning and the end of
a merger is eliminated. There are, however, a number of other caveats in
this approach:
1. In all of their simulations, Lotz et al. (2010a) assume both galaxies to
be disklike while the galaxies contributing most of the GW signal are
elliptical (Fig. 3.11a). The dependence of merger timescale on galaxy
morphology might be one of the largest sources of uncertainty.
2The simulations assume that observable galaxies are surrounding by dark-matter ha-
los; otherwise merging timescales would be much longer.
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2. We use the same average timescale for all mergers of the same mass and
redshift, ignoring the dependence on various parameters of a galaxy
pair that could be correlated with GW emission, such as mass ratio
or initial spin orientations of the galaxies. Lotz et al. found that
orientations have little effect for close pairs observed at 5 < rp <
20h−1 kpc. On the other hand, timescales for equal-mass mergers
could be ∼ 30% longer compared to q = 1/3. Since binaries with
higher q contribute more signal, that could lead us to underestimate
the merger timescale and, consequently, overestimate hc, but only by
. 15% since hc ∝
√
Ṅmergers.
3. Merger timescales depend on gas fraction: for equal-mass mergers,
they become considerably shorter when gas fractions are high (Lotz
et al., 2010b). The reason is that the disk galaxies having higher gas
fractions are harder to deblend at close separations, which reduces the
time interval over which two galaxies can be observed as a close pair.
However, this effect vanishes for q . 1/3. Lotz et al. (2011) have
calculated the average timescale for 1/4 < q < 1 and three different
assumptions about gas fraction and found it to be almost the same as
the value we use (330 Myr) for all three cases with a weak dependence
on redshift (at least at z . 1).
4. The hydrodynamical simulations of Lotz et al. (2010a) give a signifi-
cantly lower merger timescale estimate than the semi-analytical model
of Kitzbichler & White (2008), who used a mock galaxy catalog derived
from the Millennium simulation. Kitzbichler & White assume that the
secondary galaxy moves in a circular orbit inside the constant poten-
tial of the primary, and this is probably not a good approximation for
close pairs of nearly equal mass.
5. All of the simulation timescales adopted here assume highly eccentric
orbits of galaxies with pericenter distances ∼ 0.01 − 0.05 times the
virial radii of the progenitors. However, galaxies merging on circular
orbits or with larger impact parameters can be identified as close pairs
for 15− 40% longer (Lotz et al., 2008).
6. Also, at higher redshifts the mergers could proceed faster for the rea-
son that the galaxy sizes for a given mass are smaller. According to
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Huertas-Company et al. (2013), the characteristic radii of big ellipti-
cals are ∼ 2 times smaller at z = 1 compared to z = 0.
7. Finally, all of the galaxy merger simulations posit that the observed,
luminous parts of galaxies are surrounded by extensive, dynamically-
active, dark-matter haloes. If the dark-matter haloes are not present,
or if the “dark matter” is not particle in nature, merger times would be
much longer; indeed most of the observed interacting pairs would “pass
in the night” and never merge (Toomre, 1977). It is not our intention
here to stake out a position in the dark-matter debate (McGaugh,
2015). But we do note the troubling lack of corroborative evidence for
the merger hypothesis, and the fact that some observationally-based
studies reach conclusions contradicting the predictions of ΛCDM cos-
mology, such as overabundance of bulgeless giant galaxies (Kormendy
et al., 2010; Weinzirl et al., 2009) or that giant ellipticals couldn’t have
been formed from disk galaxy mergers (Naab & Ostriker, 2009).
The effects on hc(f) of systematic uncertainties in the merger rate are dis-
cussed in more detail in Section 3.3 (Eq. 3.51).
3.2.3 SBH demographics
We assume a strict proportionality between SBH mass and the mass of
the stellar bulge, defining the parameter
β ≡MBH/Mbulge. (3.33)
Estimates of this quantity have evolved over time; we identify three epochs.
1. Kinematical modeling of early-type galaxies by Magorrian et al. (1998)
favored a high value, β ≈ 0.006. This value was immediately seen to be
inconsistent with (i.e. larger than) the mean mass ratio in active galax-
ies, either as predicted by the Soltan argument, or as estimated via
reverberation mapping in individual galaxies (Richstone et al., 1998).
2. In 2000, the M − σ relation was discovered by restricting the sample
to galaxies with clear, prima facie evidence for a Keplerian velocity
rise, leading to a much lower estimate, β ≈ 0.0012. This smaller value
eliminated the discrepancies with the other two methods (Merritt &
Ferrarese, 2001).
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3. Starting around 2006, and continuing until the present day, most au-
thors have sought to be comprehensive, including in their samples
essentially every published SBH mass without regard to the presence
or absence of a kinematical signal. These studies (as summarized by
Kormendy & Ho, 2013) find a larger value, β ≈ 0.003, that is once
again inconsistent with (i.e. larger than) SBH masses in AGN (Reines
& Volonteri, 2015). This is the value of β assumed in all recent calcu-
lations of hc(f) (McWilliams et al., 2014; Sesana, 2013a).
We note here a worrisome phenomenon: when stellar (as opposed to gas)
kinematical data for a galaxy are re-modeled independently, the results for
MBH are often very different than in the “discovery” paper: the best-fit
SBH mass is found to be much lower; there is a range of equally-likely
masses; or only an upper limit can be established. A recent example is
NGC 1277, where claims of a ∼ 2 × 1010M SBH (Van den Bosch et al.,
2012) were subsequently found to be too large by factors of 3-5 (Emsellem,
2013; Walsh et al., 2016). Indeed, beyond the Local Group, few if any
galaxies show evidence for a central increase in the rms stellar velocities
on the relevant spatial scales (see Figure 2.5 in Merritt, 2013). Brightest
cluster galaxies (BCGs), which are strongly represented among galaxies with
“overmassive” SBHs (Volonteri & Ciotti, 2013), are particularly difficult
cases due to their low central densities, so that stellar velocity dispersions
measured near the projected center are strongly weighted by stars that are
far from the SBH. For instance, M87, the BCG in the Virgo Cluster, exhibits
no prima facie evidence for a central SBH in the stellar velocities, and the
value of MBH derived from the stellar data in M87 depends critically on
what mass-to-light ratio is assigned to the stars (Gebhardt & Thomas, 2009;
Gebhardt et al., 2011); furthermore the value of MBH derived from the
stellar data is a factor ∼ 2 greater than the value derived from the gaseous
rotation curve (Walsh et al., 2013). (The latter does exhibit a clear Keplerian
rise and the value of MBH derived from it is much more robust, having
remainedessentially constant since its first determination in 1997; Macchetto
et al., 1997). In effect, what is being measured in such galaxies is not the
SBH mass, but rather the mass of the SBH plus the mass of the stars within
some region the size of which is comparable to the resolution limit set by
the telescope and which may be much larger than the SBH influence radius.
Disentangling the two contributions can be extremely difficult (Valluri et
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al., 2004). Claims that the SBH influence radius has been “resolved” in
such galaxies are always suspect, since they are based – not on an observed
Keplerian velocity rise – but rather on the assumption that the influence
radius is given by ∼ GMBH,est/σ2 with MBH,est the estimated SBH mass.
It is axiomatic that a “best-fit” value of MBH will have an influence radius
larger than the instrumental resolution, whether or not the data from which
MBH,est was derived contain any useful information about the presence of a
central mass concentration.




































bulge mass total mass
Figure 3.2: Published estimates of the ratio MBH/Mgalaxy (or MBH/Mbulge)
ordered by publication date and SBH mass measurement method used. Ev-
ery point corresponds to a single galaxy; mean values are indicated with
horizontal ticks. Horizontal dashed lines mark the values 0.003 (the cur-
rently accepted value) and 0.001 (the more conservative estimate considered
in this work). References: Magorrian et al. (1998), Merritt & Ferrarese
(2001), Marconi & Hunt (2003), McConnell & Ma (2013), Kormendy & Ho
(2013), Reines & Volonteri (2015).
Figure 3.2 presents a compilation from the literature of estimates of
MBH/Mbulge. In line with the discussion in the previous paragraph, we
make the following observations. i) Estimates of the mean MBH/Mbulge
reached a minimum near 2000, following the winnowing of the stellar-based
MBH values by Ferrarese & Merritt (2000). Around this time, estimates
based on stellar and gas data were consistent. ii) Estimates of MBH/Mbulge
made since that time have crept back upward, particularly in the case of the
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stellar-based masses, and particularly in the most-massive galaxies (BCGs).
iii) In any given study, the ordering of 〈MBH/Mbulge〉 typically obeys stars
> gas > AGN. This is consistent with the fact that the stellar data rarely
exhibit a Keplerian rise, hence theMBH values are likely to be biased upward,
as discussed above. Estimates of MBH in AGN, at the other extreme, use
measured velocities of broad-emission-line gas that lies well inside the SBH
influence sphere, hence is guaranteed to be responding almost entirely to
the gravitational force of the SBH.
So far we have emphasized uncertainties in MBH. Table 3.1 points out
a completely independent source of worry. Estimates of Mbulge in a given
galaxy can exhibit wide variation from author to author. We are unable
to give a reason for this, except to note that different authors base their
estimates on luminosities measured in different passbands, carry out the
bulge-disk decompositions differently, and make different assumptions about
the stellar IMF and/or the mass-to-light ratio. (Marconi & Hunt, 2003,
estimate bulge masses using the virial theorem, not measured luminosities.)
Table 3.1: Bulge mass estimates (Solar masses)
Reference M87 NGC4459 NGC3377
Marconi & Hunt (2003, 2003) 6.2× 1011 3.6× 1011 7.8× 1010
McConnell & Ma (2013, 2013) 1.3× 1012 — 2.4× 1010
Scott et al. (2013, 2013) 2.3× 1011 2.0× 1010 2.0× 1010
Kormendy & Ho (2013, 2013) 5.3× 1011 7.6× 1010 3.2× 1010
Reines & Volonteri (2015, 2015) 2.4× 1011 3.6× 1010 1.4× 1010
Savorgnan et al. (2016, 2016) 2.6× 1011 2.9× 1010 4.0× 1010
Based on these arguments, we adopt β ≈ 0.001 (the value in 2001) as
our preferred estimate of this ratio. We note that such a value is lower than
what previous authors have assumed when estimating the stochastic GW
background and thus implies a lower PTA signal than in the earlier studies
(all else being equal). But given the sources of uncertainty discussed above,
we present results for other (higher) values of β as well in what follows.
As for the fraction of mass of the galaxy contained in the bulge fbulge,
we adopt the prescription of Simon & Burke-Spolaor (2016): for quiescent
(elliptical) galaxies fbulge = 0.9 for Mgal > 10
11M, declining log-linearly
to fbulge = 0.25 at Mgal = 10
10M, and for all star-forming (spiral) galaxies
fbulge = 0.25. We do not allow for any scatter in these parameters which
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makes our predictions for hc(f) somewhat lower than those of Sesana (2013a)
or Simon & Burke-Spolaor (2016).
Given such large discrepancies between different aluthors and different
methods, we consider most of the observed scatter in the M − σ relation to
be caused by measurement errors and ignore any possible intrinsic scatter.
That makes our predictions for hc(f) somewhat lower than those of Sesana
(2013a) or Simon & Burke-Spolaor (2016). Figure 7 of Simon & Burke-
Spolaor (2016) shows exactly how much we would underestimate the GW
amplitude given intrinsic scatter; for example, a value of 0.3–0.4 dex reported
by McConnell & Ma (2013) and Kormendy & Ho (2013) implies a factor of
∼ 1.5 difference in amplitude compared to zero scatter.
3.2.4 Nuclear rotation
In the simple galaxy models adopted here, rotation is implemented by
supposing that some fraction of the stars on any given orbit have had the
direction of their orbital angular momentum flipped compared with a non-
rotating (isotropic) model. The parameter η is defined as the fraction of
stars having a positive angular momentum component along the assumed
axis of rotation; η = 1/2 corresponds to a nonrotating galaxy, η = 1 to a
maximally-rotating one.
Sesana et al. (2014) present a compilation from the literature of values
of V/σ: the ratio of mean (streaming) velocity to velocity dispersion. They
find that the following functions (normalized here to unit total number) are
good representations of the observed distribution of x ≡ V/σ for elliptical
galaxies and for the bulges of spiral galaxies respectively:






N(x)dx = 2.18 x0.24 exp {−0.5 [(x− 0.47) /0.24]2}dx. (3.34b)
Both functions are effectively zero for V/σ > 1.
In order to map η onto the observed V/σ, we investigated the observable
properties of our models. Monte-Carlo representations were constructed and
the projected, line-of-sight mean velocity and velocity dispersion were com-
puted along the equatorial plane. Figure 3.3 (left) shows 〈V 〉/σ computed
at two projected radii: R = rinfl, the SBH influence radius; and R = Reff ,
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Figure 3.3: Left: rotational properties of the galaxy models as a function
of the parameter η. Filled and open circles show values measured at the
galaxy half-mass radius and the SBH influence radius respectively, the line
is Eq. (3.35). The nonrotating model from which the rotating models were
generated by orbit-flipping was described by Dehnen (1993) density law with
γ = 1 and with an assumed SBH mass of 0.002Mgal. Right: two distributions
of η used in this work (see Eq.3.36 and 3.34).
the effective (projected half-mass) radius. The latter quantity, which is most
directly comparable to the V/σ values tabulated by Sesana et al. (2014), is
well described by∣∣∣∣〈V 〉σ
∣∣∣∣
R=Reff
≈ 0.9 (2η − 1)1.25 . (3.35)
We used Eq. (3.35) to express the relations (3.34) in terms of η, so that the




, x = 0.9 (2η − 1)1.25 ∈ [0, 0.9] (3.36)
This function is shown in Fig. 3.3 (right).
3.2.5 Dynamical evolution of the binary
Interaction of a massive binary with stars in a galactic nucleus causes
changes in the binary’s semimajor axis a and eccentricity e, as well as its
orbital plane; the latter is characterized by the angle θ between the binary’s
angular momentum vector and the rotation axis of the nuclear cluster (the
latter assumed fixed). The only stars we take into account are the ones
initially unbound to the binary but with a small enough pericenter distance
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(of the order of the binary semimajor axis a) that they can experience a
close interaction with it. The equations describing the coupled changes in
























































where S ≡ (d/dt)(1/a) is the binary hardening rate defined above, and K
and D are dimensionless rate coefficients.3 All three rate equations may
depend on a, e and θ as well as on η and q. In deriving the rate coeffi-
cients, averages were taken over the binary argument of periapsis, ω, whose
evolution is ignored. The binary’s nodal angle Ω can be expected to evolve
in a deterministic way; however we ignore that evolution here since it does
not affect any other orbital element, and since Ω itself seems to be of little
practical importance.
In terms of the hard-binary separation ah (Eq. 3.5) and the initial hard-
























































The physical meaning of aGR,0 is the binary separation at which the hard-
ening rate due to GW emission equals to that due to stellar interactions for
a circular-orbit binary assuming S = Sh (cf. Fig. 3.5).
3Expressed in terms of quantities defined in Chapter 2, D = Dθ,1/H.
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In the case of an infinite homogenous distribution of stars with density





where H ≈ 15 has been determined by scattering experiments (Quinlan,
1996). In a real (inhomogeneous) galaxy, ρ and σ in Eq. (3.39) should be
the density and velocity dispersion at (approximately) the influence radius





















Since ρ ∼M12/r3infl and σ2 ∼ GM12/rinfl,





where b = 3 . . . 5 depending on galaxy structure (Vasiliev et al., 2015); in












To further simplify this expression, we can assume rinfl = GM12/σ
2 with σ
related to M12 through Eq. (3.41), which yields















Henceforth we define aGR,0 via Eq. (3.45).
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Since a decreases monotonically with time, we can adopt x ≡ ah/a as a
new time variable (x increases with time), starting our simulations at x = 1.












































We adopt the following expressions from Chapter 2 for K and D:
K = 1.5 e (1− e2)0.7 [0.15− (2η − 1) cos θ], (3.47a)





These expressions have been calculated assuming a hard binary (a < ah),
hence they do not depend on a or t. The hard-binary assumption is justified
here because we choose a = ah as the initial separation.
In an irrotational nucleus (η = 1/2), the rate coefficients (3.47) become
K = 0.225 e (1− e2)0.7, D = 0. (3.48)
A few previous papers (Mikkola & Valtonen, 1992; Quinlan, 1996; Sesana
et al., 2006) have calculated K for a non-rotating nucleus; as shown in
Fig. 3.4, our expressions are consistent with those of Sesana et al. (2006) in
the a/ah → 0 limit.
Fig. 3.5 presents solutions to the coupled Eqs. (3.46), for two different
degrees of nuclear rotation, η = 0.6 (low rotation) and η = 1 (maximal ro-
tation). The binary’s orbital inclination always decreases, so that initially
counterrotating binaries (θ ≈ π) tend to become corotating (θ ≈ 0). For
corotating binaries, e almost always decreases with time: first due to stellar
encounters, and later due to GW emission. In the case of counterrotat-
ing binaries, e generally increases at early times but eventually starts to
decrease – either because the binary has become corotating, or because of
GW emission. For binaries in maximally-rotating galaxies, reorientation of
the orbital plane takes place quickly, and as a result, the binary enters the
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Figure 3.4: Dimensionless eccentricity growth rate K (Eq. 3.47a) for equal-
mass binaries and varying eccentricity (left) or e = 0.9 and varying mass
ratio (right) in nonrotating nuclei. Black curve is our expression (3.48).
Green dotted curve: the expression of Mikkola & Valtonen (1992) in a→ 0
limit. Red curves: the results of Quinlan (1996) for a/ah = 0.16 (solid) and
a/ah = 0.018 (dashed). Blue circles: the results of Sesana et al. (2006) for
a/ah = 0.16 (filled) and a/ah = 0.018 (empty).
GW-dominated regime with low eccentricity. On the other hand, in slowly-
rotating galaxies, both reorientation and circularization are much less pro-
nounced, allowing the binary to enter the GW-dominated regime with high
eccentricity.
By interacting with stars, a massive binary tends to decrease the number
of stars on orbits that can interact with it (“loss-cone depletion”). This
depletion is accounted for by letting S depend on a or t; the “full-loss-
cone” approximation corresponds to S = const. Here we assume that loss-
cone depletion has no effect on the mean energy or angular momentum
carried away by a single stellar interaction; such an assumption is justified
considering the chaotic nature of a binary-star interaction when the final
velocity and orbital momentum of a star are weakly correlated with the
initial ones. Then the change in hardening rate S is due only to the change
in the rate of stellar interactions with the binary: S ∝ dn/dt. Since all of
the orbital parameters change at rates that are proportional to dn/dt, they
are all proportional to S as well. That is why we can allow S to depend on
a (or t) while keeping K and D time-independent.
The rate of loss-cone depletion depends strongly on the “geometry”, i.e.
the shape, of the galaxy. We adopt the following expressions for S(a) from
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η = ���

































Figure 3.5: Evolution of orbital inclination θ and eccentricity e for an equal-
mass binary in a slowly-rotating nucleus (η = 0.6, left) and (b) a maximally-
rotating nucleus (η = 1, right), computed using Eqs. (3.46) and (3.47) with
M12 = 10
8M and S = Sh. Different line styles correspond to different
initial values of θ. The initial eccentricity is always e0 = 0.5. The red curve
separates the regimes where the hardening of the binary is dominated by
stellar encounters (to the left) and GW emission (to the right); its equation
is a(e) = aGR,0F
1/5(e) (see Eq. 3.38a).







k = 0.4, α = 0.3 for triaxial nuclei, (3.49b)
k = (N?/10
5)−1/2, α = 0 for axisymmetric nuclei, (3.49c)
k = (N?/10
5)−1, α = 0 for spherical nuclei (3.49d)
where N? = Mgal/M is the number of stars in the galaxy. The N?-
dependence in Eqs. (3.49c,d) reflects the fact that in spherical and axisym-
metric geometries, conservation of angular momentum (spherical symmetry)
or its component along the symmetry axis (axisymmetry) fixes the minimum
periapsis distance accessible to a star. Once all the stars on an orbit with
given periapsis have been removed, continued supply of stars to the binary
is only possible after new stars have been scattered onto the orbit by grav-
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itational encounters, at rates that are N?−dependent. In triaxial galaxies,
much of the phase space corresponds to orbits with no minimum periapsis;
the time for a star on such an orbit to reach the binary depends much more
on torques from the large-scale mass distribution than on two-body relax-
ation, hence the lack of an appreciable N? dependence in the expression
for the “triaxial” hardening rate. We anticipate the discussion in the next
section by mentioning that mergers between luminous, gas-poor galaxies are
expected to result in triaxial merger remnants, hence in efficient hardening
of the binary.
Throughout this work, we ignore the effect of torques from any am-
bient gas on the evolution of the binary SBH (Ivanov et al., 1999). Gas is
expected to be present, in dynamically significant densities, in low-mass sys-
tems (bulges of disk galaxies; dwarf elliptical galaxies), and more generally in
galaxies at high redshift. One justification for our neglect of gas-dynamical
torques is the recent realization, embodied here in Eqs. (3.49), that stellar-
dynamical interactions can be much more effective than had previously been
thought at evolving binary SBHs to separations ah. Nevertheless, there is
a body of work, as summarized by Sesana (2013b), that argues that gaseous
torques could shorten the time spent by a massive binary in the later stages
of evolution, when GW emission competes with stellar-dynamical interac-
tions.
3.3 Results
We first consider the case in which all binary orbits are initially circular
(and remain so). This assumption leaves only two important parameters:
galaxy geometry (that is, the binary hardening law of Eq. 3.49) and β (the
ratio of SBH mass to bulge mass). In Fig. 3.6a we plot hc(f) as pre-
dicted by our model after setting β = 0.003 and assuming “triaxial” (i.e.
efficient) binary hardening. Also plotted there are the results of Sesana
(2013b) and Ravi et al. (2014), who made similar assumptions about β and
binary hardening rates. Given the uncertainties quoted by those authors –
95% confidence intervals in hc are said to be ±0.5 dex (Sesana, 2013a) – we
conclude that our model is consistent with both of them.
Fig. 3.6b illustrates the dependence of hc(f) on galaxy morphology (i.e.
binary hardening law) and β. Decreasing the assumed SBH masses reduces
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Figure 3.6: (a) Predicted GW strain for circular binaries. Black: our model
described in § 3.2 assuming the “triaxial” (efficient) hardening law and
β = 0.003. Red: model from Sesana (2013b). Blue: models from Ravi
et al. (2014); solid lines correspond to M12/M = 106.5...1011 and two
different assumption about the stellar density profile; circles correspond to
M12/M = 106.5...1010. (b) Predicted GW strain for different assumptions
about β (SBH mass) and binary hardening law. Black dot indicates the
95%-confidence upper limit from PPTA (Shannon et al., 2015).
the GW emission at all frequencies and shifts the peak of the spectrum
to higher frequencies, since less-massive binaries enter the GW-dominated
regime at higher orbital frequencies, i.e., smaller semimajor axes (Eq. 3.45).
Changing the assumed galaxy morphology from triaxial to axisymmetric
implies significant reduction in binary hardening rates (Eq. 3.49). There
are two consequences. As shown in Fig. 3.7a-b, binaries in axisymmetric
galaxies with M12 & 4 × 108M and any q have coalescence times that
are longer than a Hubble time; at present they might not have reached the
GW-dominated regime. This results in hc being ∼ 3 times lower at high
frequencies compared with the “triaxial” case. At the same time, hc in
the “axisymmetric” case is higher at low frequencies because the binaries
spend more time radiating at large orbital separations. In the case of spher-
ical galaxies (not shown here), coalescence times are so long that there is
essentially no GW emission at PTA-accessible frequencies.
The coalescence timescales in our nonrotating models are 6 − 7 times
shorter than those found by Vasiliev et al. (2015). This difference is a
consequence of different definitions of the influence radius: we define it as
GM/σ2 while Vasiliev et al. use an empirical relation between the observed
rinfl and black hole mass, obtained via the M − σ relation (Eq. 9 in their
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Figure 3.7: (a) Coalescence time (from a = ah to a ≈ 0) as a function of
M12 for equal-mass circular binaries in triaxial, axisymmetric and spheri-
cal galaxies. (b) Coalescence time as a function of q for M12 = 10
8M.
(c) Strain amplitude (Eq. 3.50) for circular-orbit binaries in triaxial and
axisymmetric galaxies as a function of β (for spherical galaxies Ayr = 0).
paper), which implies larger values of rinfl.
At sufficiently high frequencies, where binary dynamics are dominated








Fig. 3.7b shows the dependence of Ayr on β assuming circular orbits (e = 0):
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Figure 3.8: Predicted GW strain for four different values of the nuclear
corotation fraction η. All curves assume β = 0.001. Initial orbital elements
(e0, θ0) are assumed to be the same for all binaries.





for triaxial galaxies, (3.50a)





for axisymmetric galaxies. (3.50b)
(Note that the degree of nuclear rotation, η, is unimportant in the circular-
orbit case.) Among all the possible parameter combinations, the choice
“β = 0.003 + triaxial galaxies” should yield results most similar to those
in the recent studies of Sesana (2013a), Ravi et al. (2014), and Simon &
Burke-Spolaor (2016). We indeed find that our estimate Ayr ≈ 6.8× 10−16
is consistent with those in the aforementioned papers within the 1σ intervals
quoted there.
We have found the following formula to be a good analytical approx-
imation for the “e = 0 + triaxial galaxies” case (which is a reasonable
assumption, as we’ll show in the end of this section):
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Here we have accounted for the possibility of the actual galaxy merger
rate Ṅm being different than the one given by Eq. (3.32), Ṅm,0; see Sec-
tion 3.2.2 for the discussion of the possible reasons for that. We assume
that Ṅm always has the same dependence on galaxy mass and redshift and
only the scale factor may vary, which leaves the shape of the spectrum un-
changed and only changes its amplitude (Eq. 3.28).
This approximation is accurate to within 5% at PTA-sensitive frequen-
cies f > 10−9 Hz. It’s similar to the one suggested by Sampson et al.
(Eq. 3.4) for single-mass binary population, but has a slightly different
low-frequency slope (1.1 vs. 1, because of the difference in stellar hardening
rate) and a broader peak (due to different BH masses contributing to the









It is also true that fb < 0.1fyr (minimum frequency currently probed by
PTA) unless β . 3 · 10−4, which means it’s unlikely that we will be able
to see the break in stochastic GW background spectrum in the near future.
However, this is true only in the assumption of zero eccentricity or quickly
decreasing eccentricity, as we show below.
Fig. 3.8 illustrates the impact of nonzero orbital eccentricities on the GW
spectrum. It confirms the previous results that high eccentricity reduces
GW emission at low frequencies (Huerta et al., 2015; Ravi et al., 2014;
Schnittman & Krolik, 2015). As shown in Fig. 3.8a, for nonrotating galaxies,
the higher the assumed initial eccentricity, the stronger this effect is. At high
frequencies (f & 10−8 Hz) the strain is unchanged because by the end of its
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dynamical evolution the binary orbit is always nearly circular due to GW
emission. For rotating galaxies, the parameter θ0, the initial inclination of
the binary’s orbit, comes into play. The closer θ0 is to π (= counterrotation),
the greater the maximum eccentricity reached by the binary (cf. Fig. 3.5).
However, as Figs. 3.8b-d show, the influence of θ0 is a strong function of a
galaxy’s degree of rotation. In maximally-rotating galaxies (Fig. 3.8d) the
binary becomes corotating and eccentricities fall to negligible values before
the binary starts emitting at PTA frequencies (Fig. 3.5, right). As a result,
the spectrum is almost identical to that produced by circular binaries.
Fig. 3.10 shows computed spectra assuming a “thermal” distribution
of initial eccentricities and different combinations of the θ0- and η distri-
butions discussed previously (Eqs. 3.31, 3.34 and 3.36). As expected, for
triaxial galaxies (Fig. 3.10a), hc(f) is mildly (up to ∼ 1.5 times) attenuated
compared with circular binaries at peak frequencies (f ∼ 2 × 10−10 . . . 4 ×
10−9 Hz) with almost no difference at other frequencies. For axisymmetric
galaxies (Fig. 3.10b) the effect of eccentricity is different: high initial eccen-
tricities decrease the coalescence time, allowing more binaries to reach the
GW-dominated stage and thus contribute to the GW background at high
frequencies (up to ∼ 2 times increase in hc(f)).
Fig. 3.9 shows in more detail the dependence of Ayr on (η, e0, θ0). Com-
parison with the plots of tcoal illustrates the fact that the increase of Ayr
at high eccentricities is due to shorter coalescence timescales. In particular,
Ayr for axisymmetric and triaxial galaxies become comparable when tcoal
is comparable, which can happen for high (e0 & 0.9) initial eccentricities.
Also, as the upper-right panel shows, high values of η usually imply smaller
Ayr values unless θ0 is high. Ayr for triaxial galaxies is not shown on these
plots because it is practically independent of eccentricity.
Finally, we construct a model which assumes that all spiral galaxy bulges
are axisymmetric and fast-rotating, and that elliptical galaxies have differ-
ent shapes depending on their mass: galaxies smaller than 1011.25M (“fast
rotators”) are axisymmetric while those heavier than 1011.25M (“slow ro-
tators”) are triaxial. This dichotomy is motivated observationally by the
different morphologies and shape distributions of galaxies in the two mass
ranges (Emsellem et al., 2011; Tremblay & Merritt, 1996). For spirals and
fast rotators we assume the η distribution from Eq. (3.34a), for slow rotators
– the one from Eq. (3.34b).
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Figure 3.9: The dependence of strain amplitude for axisymmetric galaxy
model (up) and coalescence time for triaxial and axisymmetric galaxies
(down) on the initial conditions.
Fig. 3.11 shows the results. Fig. 3.11a plots the contributions from dif-
ferent galaxy types assuming e = 0. The signal at PTA frequencies is heavily
dominated by triaxial (elliptical) galaxies – not surprising considering that
they are the most massive galaxies. Because of that, the dependence of the
total signal on the distributions of e0 and θ0 (Fig. 3.11b) is almost iden-
tical to that for triaxial galaxies (Fig. 3.10a), and its amplitude at high
frequencies is practically independent of e0, θ0:






Setting β = 10−3, our preferred value, would reduce the GW strain am-
plitude by a factor ∼ 3 compared to previous estimates, enough to account
for the discrepancies between the models and the current PTA upper limits.
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(b)
Figure 3.10: Predicted GW strain assuming β = 10−3, “thermal” distribu-
tions of initial eccentricity, two different distributions of θ0 (Eq. 3.31) and
two different distributions of η (“low η”, Eq. (3.34a); “high η”, Eq. (3.34b))
for (a) triaxial and (b) axisymmetric galaxies. Also shown for comparison
is the curve computed assuming a thermal eccentricity distribution and no





























































Figure 3.11: (a) Contribution of different galaxy types to the predicted GW
strain assuming β = 10−3 and zero eccentricity for all binaries. (b) Strain
spectra including the mixture of galaxy types described in the text, for
different assumed distributions of e0 and θ0.
3.4 Discussion
We have presented calculations of the isotropic gravitational wave (GW)
background spectrum that would be produced by a population of binary
supermassive black holes (SBHs) in galactic nuclei. In our model, massive
binaries evolve at large separations due to interaction with their stellar en-
vironment and at small separations due to emission of GWs. New features
of our calculation, and the major results, are summarized here.
127
Chapter 3. GW background
1. We model the time dependence of the binary hardening rate, S =
(d/dt)(1/a), using the results of Vasiliev et al. (2014, 2015) who derived
expressions for s(a) that are valid in the large-N (collisionless) limit
appropriate to giant galaxies. These expressions imply efficient coa-
lescence for binaries at the centers of triaxial (i.e. non-axisymmetric)
galaxies, like those that are expected to form in galaxy mergers. In the
case of axisymmetric geometries – which may be a better representa-
tion of low-luminosity galaxies – binary hardening rates are predicted
to be lower (Fig. 3.7a), implying a dependence of coalescence timescale
tcoal on galaxy luminosity, hence on MBH.
2. Rapid evolution of binary SBHs in triaxial galaxies significantly (by a
few orders of magnitude) decreases GW emission at low frequencies,
f . 10−9 Hz, compared with a fiducial model in which evolution is
driven entirely by GW emission itself. Evolution timescales are short
enough in this geometry (tcoal . 300 Myr) that essentially all binaries
would reach coalescence, hence hc(f) at high frequencies includes con-
tributions from essentially every binary that forms, and it obeys the
standard hc ∝ f−2/3 dependence for f & 3 · 10−9 Hz ≈ 0.1 yr, which
is approximately the current PTA sensitivity range (Arzoumanian et
al., 2016; Lentati et al., 2015; Shannon et al., 2015). In axisymmetric
galaxies, binary evolution at large separations is slower. The frequency
below which the hc ∼ f−2/3 spectrum is truncated is f . 10−10 Hz in
this case; furthermore, since tcoal can be longer than a Hubble time for
M12 & 4×108M (the “final-parsec problem”), there is a reduction in
the contribution of these binaries to hc(f) at high frequencies as well,
lowering the predicted amplitude of hc(f) (however, the situation is
different for highly eccentric binaries which have much lower tcoal; see
Fig. 3.9).
3. Galactic nuclei are generically rotational in the sense that there is a
preferred axis about which stars orbit. Eccentricity evolution of a mas-
sive binary in a rotating nucleus depends strongly on its initial angular
momentum direction compared with that of the nucleus (Chapter 2).
Initially corotating binaries as well as some of the counterrotating ones
circularize very quickly due to stellar encounters and enter the PTA
band while almost circular. Counterrotating binaries can attain very
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high eccentricities (e > 0.9) if their angular momenta are initially
strongly inclined with respect to the nucleus and in some cases will
retain this high eccentricity even when entering the GW-dominated
regime (Fig. 3.8). High eccentricities imply a reduction in hc(f) at
low frequencies; in the case of axisymmetric galaxies it also increases
hc(f) at high frequencies (by a factor as great as ∼ 2) because it short-
ens the coalescence time, allowing more binaries to enter GW emission
regime and contribute to the PTA signal.
4. We argue (§ 3.2.3) that previous calculations of hc(f) have been based
on an incorrect (over-estimated) value of MBH/Mbulge, the mean ra-
tio of SBH mass to bulge mass. We adopt a fiducial value of 0.001
for this ratio, compared with ∼ 0.003 in most other studies. This
lower value results in a reduction in the predicted hc(f) at all fre-
quencies (since LGW ∝ M10/312 ), and a shift in the peak of hc(f) to
higher frequencies (lower-mass SBHs enter the GW-dominated regime
at higher orbital frequencies). We show that in the frequency regime
currently accessible to PTAs, hc(f) ∝ (M12/Mbulge)0.85 (Eq. 3.50 and
Fig. 3.7b), so that our choice for this ratio implies a factor ∼ 2 reduc-
tion in the characteristic strain. One consequence is that the existing
“tension” between theoretical predictions of hc(f) and observational
non-detections by PTAs (Arzoumanian et al., 2016; Shannon et al.,
2015) is removed.
Shankar et al. (2016) argued that a selection bias exists such that almost
all galaxies in which the SBH influence sphere has been resolved have velocity
dispersions that are higher than average for a fixed galaxy mass. The impact
of this bias on detection of GWs by PTAs was analyzed in Sesana et al.
(2016). Both of these studies accept at face value claims that SBH influence
radii have been resolved. We discuss, in § 3.2.3, why this assumption is
likely to be incorrect.
For the values of MBH/Mgal that we favor, almost all of our models
predict Ayr < 5× 10−16. This value of Ayr was identified as a “conservative
lower limit” (emphasis added) by Siemens et al. (2013) in their study of time-
to-detection of the stochastic GW background by PTAs. Those authors
considered two ways in which PTA detection limits might improve over
time: due to lengthened data streams for individual pulsars, and due to the
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addition of new pulsars. Assuming an average of three new pulsars per year
(which they considered conservative), they estimated a probable date of first
detection of GWs of ∼ 2021 for Ayr = 5.6 × 10−16, and somewhat later if
red noise is present in the auto-correlations.
In our assumed SBH mass – bulge mass relation, and our expressions for
the bulge fractions in different galaxy types, we ignored scatter, assuming
the relations to be exact. As Figure 9 of Simon & Burke-Spolaor (2016)
demonstrates, the presence of scatter in the SBH mass – bulge mass rela-
tion does not simply increase scatter in the computed hc(f) or Ayr; it also
increases their mean values. In this sense, our results could be viewed as a
lower limit on hc(f).
Even if we accept the pessimistic view that detection of the isotropic
GW background by PTAs may lie many years in the future, sufficiently
massive or nearby systems may rise above the stochastic background signal
and be individually detectable. Identification of the binary’s host galaxy,
and detection of electromagnetic radiative processes associated with the late
evolution of the binary, can assist in the extraction of the binary parameters
from PTA data. Photometric or spectroscopic measurement of the host
galaxy’s cosmological redshift would provide a distance estimate, allowing
a chirp mass to be derived even for a binary SBH that does not evolve
in frequency over PTA observing timescales (Burke-Spolaor, 2013). These
“multi-messenger” studies may hold the greatest hope for finally establishing




In Chapter 3 I have developed a method of GW background spectrum
calculation from a population of BSBHs assuming a certain smooth (or at
least piecewise-smooth) distribution of their host galaxy parameters (Eq. 3.28).
That method only gives the average hc(f), ignoring the fact that there is
a finite number of BSBHs in the universe and their orbital frequencies are
randomly distributed. This Chapter presents an algorithm (a “population
synthesis” method) that takes this effect into account: it gives the GW back-
ground strain that would be produced by a particular population of BSBHs,
randomly generated from a given distribution. Its output, generated for
many different realizations of various models can be used in conjunction
with Gaussian process regression method to constrain the model parame-
ters from PTA observations (Taylor et al., 2017). Potentially, this method
is not limited to the GW background calculation: it can be modified to es-
timate the expected number and parameter distribution of BSBH mergers
detected by LISA or other proposed space-based interferometers.
The method from Chapter 3 works the following way: a frequency of
the observed GW emission is fixed, and then the signal from all binaries
that contribute to that frequency is summed up (integrated). Here I adopt
a different approach: the code cycles through all the BSBHs, calculating
the contribution to the background of every one of them The algorithm is
summarized in Fig. 4.1. Below are more detailed descriptions of its particular
steps.
131
Chapter 4. Population synthesis
Figure 4.1: A flowchart representation of the population synthesis algorithm
described in this chapter.
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4.1 Sampling of BSBH parameters
The first step is to calculate the number of BSBHs in a hard binary stage
per unit comoving volume at a given redshift N(z) from the known galaxy
merger rate (Eq. 3.29). It can be derived from Eq. (3.8) by integrating







da = Ṅm(z) tcoal (4.1)
where tcoal is the time to coalescence from the moment the binary becomes
hard. This formula only works in the assumption that tcoal is much shorter
than Hubble time; generalization of the method for arbitrarily long coales-
cence timescales would make the calculations much more complicated and
maybe will be implemented in the future versions of the code. For this rea-
son, I assume all our galaxies to be triaxial, which is a good approximation
since most of the signal comes from ellipticals.
Apart from redshift, the right-hand side of Eq. (4.1) also depends on
BSBH mass ratio q, its initial eccentricity e0, inclination θ0, primary galaxy
mass Mgal and rotation parameter η. At the moment, the method only
works for a single e0 and θ0 for all BSBHs; expanding its scope to arbitrary
distributions of (e0, θ0) will likely be the subject of my future work. In all
the other variables, N turns out to be a separable function, i.e. it can be
written as
N = Nz(z)NMgal(Mgal)Nq(q)Nη(η). (4.2)
This allows us to sample all the variables independently of each other. As
I consider all the galaxies to be triaxial, Nη(η) is adopted from Eq. (3.34a).














4.2 Calculation of the signal from a given source
For every BSBH, it’s necessary to choose a moment in its lifetime (it is
safe to assume that its orbital parameters stay almost constant during the
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PTA observation time, which is ∼ 10 years at most). As I have assumed the
coalescence timescales to be short, it’s equally probable to find the binary at
any point of its lifetime (i.e. the probability of finding it radiating in a cer-
tain frequency range is determined solely by the time it spends there). After
the time moment is sampled, the next step is to calculate its orbital parame-
ters that determine the frequency and strain of its (direction-averaged) GW
emission at that moment; these parameters are semimajor axis (or orbital
frequency) and eccentricity.
In Chapter 3 that calculation was done simply by solving the dynamical
evolution equations (3.37). This method, due to the high number of BSBHs
I need to account for, requires a more computationally-efficient approach.
Before the population synthesis starts, a and e are pre-calculated on a grid
in the (M12, q, η, t/tcoal) parameter space, and then, whenever I need a value
of those variables at any point in that space, it’s interpolated between the
closest grid points.
After I determined the BSBH orbital parameters, I can calculate its GW
signal in all the harmonics (the spectrum is truncated at n = 30 which gives
a high enough accuracy). To do that, I apply Eqs. (3.10), (3.11) and (3.13),



































Here n is the harmonic number, fn is the observed frequency of the n-th
harmonic, Ln is the luminosity per unit frequency radiated in that harmonic,
and [fi, fi + ∆f ] is the frequency bin fn falls into (fi < fn < fi + ∆f);
following Taylor et al. (2017), I use ∆f = 0.3 nHz and frequency range
[0.3 nHz, 100 nHz]. The dependence of Ln on the bin width is compensated
by the number of sources in a bin being proportional to ∆f . Finally, I apply
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Figure 4.2: Comparison of the population synthesis method with the one
presented in Chapter 3 for different initial BSBH parameters, values of the
SBH-bulge mass ratio β and random realizations of the model. Galaxies are
assumed triaxial with the rotation parameter distribution as in Eq. (3.34a).
In the left panel e0 = 0.







As h2 is proportional to the GW energy, the total h2 in a bin is calculated
as the sum of individual h2 of the sources whose signal falls into that bin.
4.3 Results
Some examples of the population synthesis code output are presented
in Fig. 4.2. The scatter is due to the finite number of sources in a bin,
and it increases towards high frequencies. There is a good agreement with
the previous findings from Chapter 3, except for high frequencies where the
value of the signal is systematically lower than the f−2/3 law predicted by
the smooth distribution model.
The reason for both of these effects is that the evolution timescales be-
come shorter as the binary keeps shrinking in the GR-dominated regime and
the probability to detect a binary in a given frequency bin becomes lower. In
fact, the signal averaged over many realizations of the model actually does
converge to the f−2/3 law due to the contribution of rare powerful sources.
One can also see that the reduction of signal at high frequencies becomes
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less pronounced for eccentric binaries (Fig. 4.2, right), probably due to the




In this dissertation I presented a numerical study of BSBH dynamical
evolution in rotating stellar nuclei and its implications for the GW back-
ground detection. This chapter gives the summary of my findings.
5.1 BSBH dynamics in a rotating stellar nucleus
Previous numerical studies of the stellar ejection-driven evolution of
BSBH orbital components were mostly focused on isotropic and nonrotating
stellar environments. The dynamical coefficients that determine the evolu-
tion rate of semimajor axis, eccentricity and orbital orientation were calcu-
lated for various model parameters (Merritt, 2002; Quinlan, 1996; Sesana
et al., 2006). There were a few studies showing that the dynamics becomes
qualitatively different if nuclear rotation is added to the model (Gualandris
et al., 2012; Sesana et al., 2011). However, no systematic investigation of
BSBH dynamics in such models had yet been carried out. The calculation of
evolutionary coefficients for various configurations of a BSBH in a rotating
stellar medium was the subject of Chapter 2.
Due to the random nature of close BSBH-star encounters, the stellar
ejection-driven evolution of all BSBH orbital components has both “regular”
(first-order) and “stochastic” (second-order) components. To account for
both of them, we started with the Fokker-Planck equation that describes
the evolution of orbital elements distribution. For every orbital element
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we calculated its both first- and second-order coefficients and studied their
dependence on all the orbital elements: semimajor axis a, eccentricity e,
orbital inclination θ (with respect to the nuclear rotation axis), longitude
of ascending node Ω and argument of periapsis ω. We used the scattering
experiments akin to the ones performed by Quinlan (1996) or Sesana et
al. (2006) with rotation added in the following way: whenever the angular
momentum of an incoming star has a negative component along the z-axis,
it is reversed with a certain probability. That probability can be interpreted
as the degree of nuclear rotation: 0 corresponds to a nonrotating nucleus,
100% to a strongly rotating one. The dependence of the diffusion coefficients
on the rotation degree was also studied.
5.1.1 Dynamical coefficients
The dynamical coefficients obtained for nonrotating nuclei were found
to be in agreement with the previous scattering experiment studies. The
second-order terms are negligible for a and e as they are proportional to the
star-BSBH mass ratio while the first-order ones only depend on the density
of the stars. For θ the first-order term is zero, so its evolution is stochastic
(“rotational Brownian motion”) with low amplitude (δθ  1).
The behavior in rotating nuclei is also in qualitative agreement with the
previous results. Even in weakly rotating nuclei the first-order term domi-
nates the evolution of θ and becomes stronger with increased rotation. That
term is always negative (〈∆θ〉 ∝ − sin θ), i.e. θ always tends to decrease.
A configuration where θ = 0, i.e. the binary’s orbital plane is aligned with
the plane of nuclear rotation, becomes a stable equilibrium point for the
binary. θ = π, on the other hand, where the binary’s angular momentum
is in the opposite direction to that of the stars, is an unstable equilibrium
point: the binary stays there if it’s exactly counterrotating, but tends to
“flip” as long as θ is at least slightly lower than π. The diffusion coefficient
also has a strong dependence on e: 〈∆θ〉 ∝ 1/
√
1− e2. High eccentricity
means low angular momentum, which makes it easier to reorient the angular
momentum vector.
The eccentricity evolution becomes θ-dependent as well: in strongly ro-
tating nuclei e decreases when θ < π/2 and increases when θ > π/2. Coupled
with the e-dependence of 〈∆θ〉, that makes the above-mentioned reorienta-
tion of the binary even more pronounced when the binary is initially coun-
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terrotating. As for a, its evolution rate (or, in other words, the hardening
rate) is almost independent of θ, unless the binary is “soft” (a > ah), in
which case it increases for high θ and decreases for low θ, even reaching neg-
ative values when θ ≈ 0 and a/ah & 16. However, at such large separations
the scattering experiment results are probably inapplicable: the binary may
not be bound yet, and the dynamical friction may still play a significant
role.
For the first time, we calculated diffusion coefficients describing changes
in ω and Ω, for both rotating and non-rotating nuclei. When considering the
evolution of all the other orbital elements, Ω can be ignored in our model:
none of the dynamical coefficients depend on it because the stellar distribu-
tion we assume is axisymmetric. We found that the first-order coefficient is
zero regardless of rotation, while the second-order coefficient is comparable
to the coefficient for θ. Its evolution is therefore consistent with rotational
Brownian motion, just like the evolution of θ in nonrotating nuclei. ω is
more important: all dynamical coefficients depend on it significantly when
the binary is at least mildly eccentric. Because of technical difficulties, we
could only calculate its first-order term. We found that ω always changes in
the same direction and its characteristic evolution timescale is comparable
to the hardening timescale. Because of that, we average all the first order
terms 〈∆a〉, 〈∆e〉 and 〈∆θ〉 over ω before we use them to calculate a(t), e(t)
and θ(t).
5.1.2 Results and observational implications
The results described above imply that most BSBHs would end up being
close to corotating and eccentric by the time GR effects start to dominate.
If the binary is initially counterrotating, its eccentricity will increase, which
leads to reorientation of the orbit (θ → 0) and subsequent circularization
(e→ 0). The exception is counterrotating binaries in slowly rotating nuclei,
where the reorientation is slow enough that the binary remains counter-
rotating for a long time. This contrasts with the nonrotating nucleus ap-
proximation where the eccentricity always grows. It is therefore important
to account for nuclear rotation when considering the eccentricity evolution
of BSBHs. In particular, the predicted GW background will be affected:
BSBHs entering the regime of nHz orbital frequencies with low eccentric-
ity imply a background spectrum similar to the one produced by circular
139
Chapter 5. Summary and Conclusions
BSBHs. Given that most galactic nuclei possess at least some degree of ro-
tation, it is unlikely that high BSBH eccentricity is the explanation for the
current tension between PTA constraints and model predictions.
Orbital plane reorientation might also have significant observational im-
plications. It was shown that the spin direction of the coalescence product of
two black holes is usually in the same direction as their orbital angular mo-
mentum at the beginning of GW-driven phase (Gergely & Biermann, 2009;
Kesden et al., 2010). And the spin direction, in turn, is believed to define
the direction of jet and accretion disk in active galactic nuclei. As a result,
we conclude that in rotating galactic nuclei, the jet should be preferentially
aligned with the nuclear rotation axis. There is indeed some observational
evidence for that (Battye & Browne, 2009; Lagos et al., 2011; Middleton et
al., 2016). However, a number of other studies have failed to find strong
evidence for such correlations (e. g. Gallimore et al., 2006; Kinney et al.,
2000). All these results should be interpreted carefully since it is possible
for SBH spin directions to change due to accretion of gas having angular
momentum that is misaligned with the spin (Dotti et al., 2013).
5.2 Stochastic GW background
Using the binary evolution coefficients derived in Chapter 2 as inputs, I
developed two numerical algorithms that calculate the stochastic GW back-
ground generated by a population of BSBHs. These results are presented
in Chapters 3 and 4. To account for “loss cone depletion” (the change over
time of the supply of stars to the binary), the results of scattering experi-
ments were coupled with the findings of Vasiliev et al. (2015) who derived
analytical formulas giving the ratio of the hardening rate in a galaxy of a
given geometry (spherical/axisymmetric/triaxial) to the hardening rate in
the full-loss-cone approximation. The distribution of BSBHs in the universe
was taken from the observed galaxy merger rate and SBH mass-bulge mass
ratio. The distribution of nuclear rotation parameters was extrapolated from
the observed distribution of V/σ. Below is a brief analysis of the factors that
determine the GW background in our models.
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5.2.1 SBH-galaxy scaling relation
We assume the SBH mass to be proportional to the galaxy bulge mass:
MSBH = βMbulge. We have calculated the GW background strain spectrum
hc(f) for different values of β and found that hc(fyr) ∝ β0.7. The currently
accepted value of β is around 0.003 (Kormendy & Ho, 2013; McConnell &
Ma, 2013). However, there are reasons to believe it might be overestimated.
First, as discussed in more detail in Section 3.2.2, most of the SBH masses
used for determination of β were measured via stellar dynamics in the centers
of galaxies, and that method tends to systematically overestimate the SBH
mass, giving an upper limit instead. Second, even if those masses were
always measured correctly, this technique can only be applied in the subset
of galaxies for which the SBH’s influence radius can be resolved, and that
radius is correlated with galaxy properties, making the measured relation
biased compared to the true one (Shankar et al., 2016). Both of these effects
may lead to the overestimation to β up a factor of 2-3.
5.2.2 Environmental effects
If BSBH coalescence timescales are long enough (a few Gyr), some of
the binaries experience the “final parsec problem” and stall at low orbital
frequencies, so that they do not contribute to the observed GW background.
We evaluated the consequences of two different assumptions about the BSBH
hardening rate, corresponding to triaxial and axisymmetric galaxies (in
spherical galaxies the coalescence timescales are too long for any BSBH to
reach the hard binary stage). In the case of triaxial galaxies, tcoal < 400 Myr
for any realistic BSBH parameters whereas in the axisymmetric geometry,
tcoal exceeds the Hubble time for binary masses above about 10
9M. That
leads to hc at low frequencies in the axisymmetric model being 2-3 times
lower assuming circular BSBHs. High initial eccentricity helps mitigate that
effect, bringing hc closer to the “triaxial” value.
Another effect of nonzero eccentricity is a turnover in hc at a high enough
frequency to be detectable by the current generation of PTAs; for circu-
lar binaries the turnover happens below 3 nHz (1/(10 yr)) in both models.
However, for that effect to be strong enough most of the binaries have to
preserve high eccentricity until the start of the GR-dominated phase. While
this is possible when all of the binaries are initially counterrotating (have
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θ0 > π/2), such initial conditions are unlikely; the current galaxy merger
models imply θ to be either close to zero or randomly distributed. Without
any observational or theoretical constraints on the distribution of (e0, θ0) it
is hard to make any definite conclusions.
5.2.3 Galaxy merger rate
The rate of galaxy mergers, per unit of galaxy mass, determines the
distribution of BSBHs in mass and redshift and, most importantly, their
total number. The GW background strain depends on number as hc ∝
√
N .
We calculate the merger rate per galaxy by dividing the observed galaxy pair
fraction by the average galaxy merger timescale obtained from cosmological
simulations. As discussed in more detail in Section 3.2.2, both quantities
are highly uncertain and different studies give different estimates for their
values. The merger rate per galaxy is then converted into the merger rate per
unit galaxy mass by multiplying it by the observed galaxy mass density. The
latter seems to be well-determined at the intermediate galaxy masses, but
is somewhat more uncertain at high masses (Ilbert et al., 2013; Thanjavur
et al., 2016), which might be another significant source of uncertainty as
massive BSBHs contribute most of the signal.
As a result of the above-mentioned factors, all of which may contribute
an uncertainty as large as a factor of few, there is a wide range of possible
theoretical predictions of the strain spectrum, and a large part of that range
is still not excluded by PTA data. Hopefully, the future GW observations
will place more stringent constraints on the parameters of our model. Such
constraints would also affect the predicted individual BSBH detection rates
(by PTAs or LISA) in the same manner as they affect the stochastic back-
ground level; a more detailed analysis of the impact of scaling relations can
be found in Spallicci (2013).
5.3 Directions for the future work
I have studied the effect of nuclear rotation on BSBH evolution while
still assuming the nucleus to be spherical. However, Cui & Yu (2014) found
that non-sphericity of the stellar nucleus has a similar effect: it also causes
a binary’s orbital orientation to evolve in a certain direction, rather than
as a random walk. It would be interesting to simulate BSBH dynamics in
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galaxies that are both nonspherical and rotating, as one would expect in
galaxies that form via mergers. A good tool for that purpose is the Monte-
Carlo technique used in Vasiliev et al. (2015) that properly accounts for
dynamical relaxation even when the number of particles in a simulation is
much lower than in a real galaxy. That possible future study would be
the first model of BSBH dynamics to properly include not only a realistic
relaxation rate in non-spherical galaxies, but rotation as well.
The numerical code described in Chapter 4 is going to be made public. It
will become a part of the online repository of population synthesis codes that
some of the NANOGrav members are currently working on. In the future,
more features will be added to it, making the model more realistic, such





A.1 (E,L, µ, φ) diffusion coefficients
Using equation (2.8), we construct expressions for the diffusion coeffi-
cients describing changes in the binary’s energy and angular momentum
defined via the variables
x1 = L, x2 = µ = cos θ = Lz/L, x3 = φ, x4 = E (A.1)
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(equation 2.6), in terms of diffusion coefficients based on the variables E

































































+ (L2y − L2x)〈∆Lx∆Ly〉), (A.2f)
〈∆φ2〉 = 1
L4
(L2y〈∆L2x〉+ L2x〈∆L2y〉 − 2LxLy〈∆Lx∆Ly〉), (A.2g)
〈∆L∆φ〉 = 1
L3
(LxLy(〈∆L2y〉 − 〈∆L2x〉) + (L2x − L2y)〈∆Lx∆Ly〉






























A.2 Fokker-Planck equation in terms of Θ‖,Θ⊥







Following Debye, we write
∆φ = χΘ + βΘ2 + . . . (A.4)
and we assume that Θ is small. Also, we already know that
sin θ′ = sin θ + cos θ ·∆θ +O(Θ2)













Θ cos ξ +O(Θ2). (A.6)
Substitution of (A.4) and (A.6) into (A.3) yields






sin ξ cos ξ ·Θ2 + . . . (A.7)
and finally
sin θ〈∆φ〉 = 〈∆Θ⊥〉+ cot θ〈∆Θ‖∆Θ⊥〉,
sin2 θ〈∆φ2〉 = 〈(∆Θ⊥)2〉,
sin θ〈∆φ∆θ〉 = −〈∆Θ‖∆Θ⊥〉. (A.8)
The inverse relations are




sin θ cos θ〈∆φ2〉,
〈(∆Θ⊥)2〉 = sin2 θ〈∆φ2〉,
〈(∆Θ‖)2〉 = 〈(∆θ)2〉,
〈∆Θ‖∆Θ⊥〉 = − sin θ〈∆φ∆θ〉. (A.9)
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A.3 Number density and velocity dispersion val-
ues in the integral expression for diffusion co-
efficients















a “Dehnen model” (Dehnen, 1993), where Mgal is the total galaxy mass
and rb is a “break radius” or “core radius”. We expect the latter to be
determined by the binary itself during its formation and to be of order the
147
Appendix
gravitational influence radius of the binary, rinfl, defined as the radius where
M?(r < rinfl) = 2M12 (A.14)
(Merritt, 2013, Sect. 8.2). The same process of binary formation is expected
to result in a shallow central density profile, γ . 1. In fact, for any γ < 2,
the contribution to the gravitational potential from the stars in this model
is finite at all radii. Now, it is only stars with rp . a that contribute
appreciably to the integral (2.49). If we assume a hard binary, a rb, then
rp  rb and Φ?(rp) ≈ Φ?(0). In this limit, the field-star energy (2.46a) is
given approximately by




Substituting this expression for E into equation (2.49) and again assuming


















the number density at the radius rn, defined such that Φ(rn) = −GM12/rn+
Φ?(rn) = Φ?(0), and f
′







it is clear that rn is similar to rinfl and hence to rb. For instance, setting
γ = 1 in equation (A.13), one finds rn ≈ 0.42rb. Furthermore n′ ≈M12/r3infl
with some leading coefficient that depends on the density slope γ; this
coefficient is plotted as a function of γ in Figure A.1. When γ . 1,
n′ ≈ M12/r3infl, and n′ → ∞ as γ → 2. It turns out that the velocity
distribution f ′v(v) can be well approximated for all γ by a Maxwellian dis-
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Figure A.1: The effective stellar number density n′ as a function of γ.
tribution fv ∼ e−v
2/2σ2 with σ2 ≈ 3GM12/rinfl (cf. Fig. 3.8 of Merritt,
2013). The exact number doesn’t matter when our binary is sufficiently
hard
(





. The role of binary hardness is
discussed in §2.5 where we calculate the diffusion coefficients.
A.4 Diffusion coefficients in large mass ratio limit
Let lbin = Lbin/µ =
√
GM12a(1− e2) and lstar = Lstar/mf be the an-
gular momentum per unit mass of the binary and the star, interacting with













where dnenc/dt is the encounter rate and δlbin is the change in lbin in one





Since only the close encounters with one of the binary components matter,
the average change per encounter in the stellar angular momentum per unit
mass is of the order of the binary angular momentum per unit mass (which
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is unity in the dimensionless units we use in our scattering experiments):
δlstar ∼ lbin (A.21)








In the very large mass ratio assumption (M2  M1 or q  1) the en-
counter rate can be estimated as follows. The motion of stars is mainly
determined by the potential of the primary component, but only the stars
that experience a close encounter with the secondary contribute to the angu-
lar momentum exchange (for them δlstar ∼ lbin). This means the encounter
rate is actually the rate of close encounters with the secondary. Only the
stars passing closer than . a to the primary can experience a close in-
teraction with the secondary; according to Eq. (2.45), this corresponds to
the maximum impact parameter pmax =
√
2GM1a/σ. Only a small frac-
tion of them actually do because the radius of influence of the secondary
Rinfl,2 = GM2/v
2
rel is small compared to a. This fraction ξ can be estimated
as the probability of a particle crossing the sphere with radius a to cross the
sphere of radius Rinfl,2, which is in a random point inside the larger sphere,
i. e. ξ ∼ R2infl,2/a2. That makes the following estimate of encounter rate:
dnenc
dt





















At large mass ratios 〈∆θ〉 decreases as 1/q and 〈(∆θ)2〉 is independent of
q. However, as Fig. 2.12a-b show that such an approximation probably
works only at rather large mass ratios q & 100, though it strongly depends
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